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Abstract
GPS positions collected by a GPS tracker are not always as accurate as desired. The
horizontal distance between a GPS point’s measured and actual positions can be up to
nine meters. Therefore, the road that is closest to a logged position is not always the one
driven by the vehicle collecting it. Given a set of GPS points, it is hence not necessarily
obvious on which roads they have been collected. A methodology employed to decide
what roads have been driven is called map-matching and can be based on a variety of
ideas. This thesis presents a mathematical model of the map-matching problem and
suggests an objective function that should be minimized in order to find the path that
most likely has been driven. It also presents a heuristic algorithm for post-processing of
GPS data to match it to a road network representation. The heuristic algorithm uses the
mathematical model as a basis for decisions and is implemented in Embarcadero Delphi
XE. It is tested on fairly large GPS data sets together with the network representation
provided by Svenska nationella vägdatabasen. The heuristic algorithm and the mathematical model (solved by the commercial solver CPLEX) are compared with respect
to accuracy and computation time. The heuristic algorithm produces good results that
seem to be not too sensitive to changes in the input parameters. It can handle adequate
GPS data sets in a reasonable amount of computing time.
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1
Introduction
1.1

Map-matching

The task of determining a set of positions in a road network by a collection of Global
Positioning System (GPS) points is named map-matching. Map-matching algorithms
aim to match points generated by GPS to a road network in order to determine a more
accurate location of the GPS signal receiver. Different uses of the GPS require different performance specifications of the map-matching algorithm. On-line map-matching
performs the calculations in real time during the collection of the data; this is required
e.g. in an automotive navigation system. Off-line map-matching on the other hand is
used in retrospect and performs the calculations after all the data is collected which is
advantageous, since then there is more information available to generate more stable
results. There are several map-matching approaches and they are generally categorized
into four groups; geometric, topological, probabilistic, and advanced map-matching; see
[1].

1.1.1

Geometric map-matching

Geometric algorithms use solely geometric information about the road network, like the
position and the shape of road segments, in the matching process. These algorithms
ignore topological information, such as how the roads are connected and the plausibility
of the selected roads to form a coherent path. There are three strategies for the matching:
point-to-point, point-to-curve and curve-to-curve matching, [1, 2, 3]. Point-to-point
matching simply matches each point to its closest point in the road network. Point-tocurve matching matches each point to its closest road link. Curve-to-curve matching
compare several points at a time with the positions and shapes of the links in the road
network. Geometric algorithms are generally simple and fast but yield poor results since
they do not guarantee that the resulting path is executable.

1
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1.1.2

Topological map-matching

The geometric algorithms can be improved by taking advantage of information about
the road network connectivity and contiguity. Such algorithms are called topological
algorithms and tend to generate smoother paths and avoid frequent errors. However,
they do generally ignore useful information from the GPS receiver, like speed or heading
of the vehicle, in order to stay simple. Marchal et al. ([4]) presents an early example of
a topological algorithm that is commonly discussed and cited in the literature.

1.1.3

Probabilistic map-matching

Probabilistic algorithms generally use a rectangular or an elliptic confidence region for
the search of a suitable match to each GPS point, [1, 2]. The matched point in the road
network is selected from the confidence region according to consistency in direction,
speed, connectivity, and proximity.

1.1.4

Advanced map-matching

According to Pereira et al. [2] and Quddus et al. [1] advanced map-matching algorithms
use more refined concepts such as Kalman filter, fuzzy logic, multiple hypothesis technique, Dempster-Shafer’s mathematical theory of evidence, or Bayesian inferences. The
major goal of these algorithms is to improve the accuracy of the resulting path. They
often use more extensive information besides the GPS position such as speed, heading,
quality of the input data, and correction errors from third party systems.

1.2

Global Positioning System (GPS)

The GPS is a space-based radio navigation system owned by the United States Government and operated by the United States Air Force [5]. The system consists of three
segments: the space segment, the control segment, and the user segment. It provides
the users with positioning, navigation, and timing services. The space segment consists
of a nominal constellation of 24 operating satellites that transmit one-way signals that
indicate the current GPS satellite position and time. The control segment consists of
worldwide monitor and control stations that maintain the satellites in their proper orbits
through occasional command maneuvers, and adjust the satellite clocks. It tracks the
GPS satellites, uploads updated navigational data, and maintains health and status of
the satellite constellation. The user segment consists of the GPS receiver equipment,
which receives the signals from the GPS satellites and uses the transmitted information
to calculate the user’s three-dimensional position and time. The accuracy of the calculated position depends on the number of GPS satellite signals available. The results
given by a GPS device have in 95% of the cases an error that is less than 9 meters
horizontally and 15 meters vertically; this is a global average accuracy for civil users [6].
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1.3

Enera International AB

Enera International AB is a software development company located in Mölndal, Sweden
[7]. Enera provides a software service called Call&Report where customers can record
activities performed by their personnel. Many of the customers perform work related
to road maintenance such as plowing, salting, and sweeping. By using GPS receiver
equipment with indicators for activity on and off, the vehicles’ location and activity
can be logged. The work manager can study the activity routes driven in map views,
in which the GPS points are plotted on a background image generated by, e.g., Google
Maps [8]. Some of the planned future enhancements for Call&Report involves the ability
to define certain template routes in the system. These template routes may be used for,
e.g.,
• being shown as a background in a map view, so that the work manager can verify
that a certain activity route covers all the road segments that was planned for
(typically with the relevant indicator(s) turned on),
• having the system make a similar check automatically,
• showing a similar graphical feedback in real-time to a driver possessing a GPS
equipment with a graphical display,
• calculating an (near-)optimal driving sequence for the route, taking into account
e.g., traffic regulations, delays related to turning, etc, and
• showing driving instructions in real-time to a driver.
All of this is not possible to achieve using, as today, only graphical map images and
discrete GPS points. Rather it is necessary to have access to road network data, in
terms of which the template route can be defined. Enera provides another software
called WinterPlan, which is based on such road network information, and which can be
used to plan vehicle routes for winter road maintenance. WinterPlan contains a module
called AutoPlan, which uses optimization algorithms for planning routes automatically.
Certain parts of this software can be used in order to achieve most of the functions listed
above, but a key functionality missing is the ability to match (possibly inaccurate) GPS
tracking data to such a network.

1.4

Aim of the project

The purpose of the thesis project was to develop a method for matching GPS tracking
data to the road network data available. The following steps, leading towards the project
goals, were defined:
• Determine which information about the road network data that is required for the
applications described above and examine how well the data provided by Svenska
Nationella Vägdatabasen (NVDB) [9] fulfill these requirements.
3
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• Develop a mathematical model for the problem of matching GPS tracking points
to a path in the road network, investigate existing algorithms for solving this or
similar problems, and suggest an algorithm (existing or new) suitable for use in
Call&Report.
• Implement the algorithm and test it on a number of real-world routes from Call&Report, using suitable extracts of data from NVDB, and provide a means to evaluate the results graphically.
• Suggest future improvements and applications, e.g., for real-time matching of GPS
points to the road network.

1.5

Method

The matching problems are addressed through mathematical modelling techniques and
solution algorithms motivated by theoretical properties of the models formulated. Two
types of solution methods are addressed; one exact method with the aim to find an
(near-)optimal solution and one heuristic method for finding a good solution in a reasonably short computing time. The softwares used to find an optimal solution is the
mathematical modeling software AMPL [10] and the optimization solver CPLEX [11].
The software used for the implementation of the heuristic algorithm is Embarcadero
Delphi XE [12].

4

2
Data and representation of the
road network
The GPS data used in this project is provided by Enera. The data is represented as
GPS points, each of which comprising information about the geographical position and
the time when the point was logged. All the road network data used has been retrieved
from the Swedish national road database (Svenska nationella vägdatabasen, NVDB, [9]).
NVDB contains detailed information about the Swedish road network. It is provided by
the Swedish Transport Administration (Trafikverket) and is continuously updated. The
road network is represented by nodes and directed links. The nodes typically represent
junctions while the links represent the road segments between the junctions. Each node
contains information about its geographical position and which links it is connected to.
Each link contains information about its start and end nodes and its shape, represented
by a set of internal points. A link also typically contains numerous types of information
like speed limit, length, bearing capacity, and the name of the road (see Figure 2.1).

2.1

Nodes, links, and networks

The following definitions are used throughout the thesis:
Node. A node is typically a representation of an intersection of road segments (i.e., a
junction) but is also used to separate links when, e.g., the speed limit differs over
a road segment that does not cross a junction. A node is defined by its position
and by its index. Each node is connected to at least one link by being its start or
end node.
Link. A link represents the driving direction between two nodes. A two-way road
segment between two nodes is thus represented by two opposite directed links
while a one-way road segment is represented by only one link. A link is defined by
5
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Figure 2.1: A small part of a road network with nodes, links, and internal points. The
enlarged part illustrates that the representation of a road should contain two links if it is
allowed to drive in both directions between the connected nodes.

its start node, its end node, and the positions of the internal points that determine
the shape of the link. The shape of a link is approximated by the internal points
and the interpolation between them. A link also contains information about its
length and speed limit. The start node and the end node of a certain link may be
the same. Two links with the same start and end nodes, but with different sets of
internal points, may exist.
Route. A route is a collection of GPS points generated by a vehicle with GPS equipment.
Path. A path is a collection of connected links, corresponding to one route, generated
by a map matching technique.

2.2

Distance between GPS point and link

The distance between a GPS point and a link is defined as the distance between the
GPS point and its closest point on the link; see Figure 2.2.

6
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P2

P3
P1
Figure 2.2: A GPS point is always matched to its closest point on a link. The closest point
may be an internal point (P2 ), the orthogonal projection at the interpolated line between
two internal points (P3 ), or the start or end node (P1 ).

7

3
Mixed integer linear
programming
Integer programming is the study of mathematical optimization problems in which the
variables are required to take integer values. One example of such a problem is schedule
planning of, e.g., staff or machines, where the variables represent whether a person is
working or not at a certain point in time – it is not realistic to send four and a half person
on a flight. Integer programming is also used to solve other types of decision making
problems and combinatorial problems may under certain conditions be formulated as
integer programming problems. In the case of combinatorial problems it is often required
to introduce binary variables which take either of the values 0 or 1 depending on whether
some assumption should be considered true or false.

3.1

Linear programming models

Linear programming is the study of mathematical optimization problems in which the
objective function must be linear and the constraints defining the feasible region must
be affine [13]. A general linear programming model is defined as follows:
P

: minimize f (x)
subject to x ∈ R.

where R ⊂ Rn is the feasible region of the linear programming model which is defined
by linear equalities and/or inequalities (see Figure 3.1), f : Rn 7→ R is a linear function

8
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and x is a vector of variables defined by




x=



x1
x2
..
.





.



xn
One method for solving linear programming problems is called the Simplex method
[13, Chapter 9]. The linearity of the objective function, f , allow the method to, starting
in a feasible point in R, follow a feasible descent direction and be guaranteed to decrease
the objective value.
The continuity of the variables x guarantee that all solutions along the descent direction are feasible until it hits a boundary of R and the convexity of R guarantee that once
the descent direction hits a boundary there will be no feasible solutions further along.
The linear constraints bounding R allow the method to choose its feasible descent directions on the boundary of the polyhedron R. The fact that the objective function is
linear and that the feasible region R is convex allow the method to decide on global
optimality based only on local information. All this together makes the Simplex method
very efficient in practice, although its worst-case behaviour is bad [13, Section 9.3]. The
Simplex method is described in detail by Patriksson et al. [13] and Lee [14].

3.2

Mixed integer linear programming models

A linear optimization problem containing both integer and continuous variables is called
a mixed integer linear programming (MILP) problem. A general mixed integer linear
programming model is defined as follows:
Pλ : minimize f (x)
subject to x ∈ R,

xi integer i ∈ λ ⊆ {1, . . . , n} s.t |λ| ≥ 1.

where R ⊂ Rn is the feasible region of the corresponding linear programming model
which is defined by linear equalities and/or inequalities (see Figure 3.1) and f : Rn 7→ R
is a linear function and x is a vector of variables defined by


x1


 x 
 2 
x =  . .
 .. 


xn
Since Pλ is a mixed integer linear program, xi is restricted to be an non-negative integer,
i.e., xi ∈ N, for at least one i ∈ {1, . . . ,n}. The indices of the integer variables are
gathered in the set λ; hence xi ∈ N, i ∈ λ. The remaining variables are continuous and
real, xi ∈ R, i ∈ {1, . . . ,n} \ λ.
9
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+b

x1 ≥ 0

x2 ≥
cx

1

+d

x2 ≤ ax1

x2 ≥ 0
Figure 3.1: Representation of the feasible region of a mixed integer linear program with
one integer variable, x1 , and one continuous variable, x2 . The green area represents the
feasible region R of the linear program (P ). The violet lines represent the feasible region of
the corresponding mixed integer linear program (Pλ ), in which the variable x1 is restricted
to be integer.

As in a linear program, the linear constraints in an integer linear program define
a polytope, R. However, since at least one of the variables xi is required to have an
integer value the feasible set of a MILP problem (i.e., a subset of R) is not a convex
set. Solution methods for continuous linear optimization problems, such as the Simplex
method, take advantage of the continuity of the variables and can not guarantee a
solution to be integer. That makes MILP problems in general much more complicated
to solve than their corresponding continuous linear programming problems, in which all
variables are allowed to take continuous values, since the solution methods need to be
more complex. One way to find a potential solution to a MILP problem is to simply solve
the corresponding linear programming problem and round the resulting variables to the
nearest integer. However there is no guarantee that such a solution is feasible since the
rounding can make the solution fall outside the feasible region. Nor is it guaranteed to
be optimal (or even close to optimal) since such a solution search is not comprehensive
and hence another method is required.

10
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3.3

The branch–and–bound method for solving mixed integer linear programming problems

One method for solving MILP problems is called the branch–and–bound method [15].
There are many special cases of MILP problems and the branch–and–bound method
may not be the best suitable method in every case. However it is a method of wide
generality and reasonable efficiency.

3.3.1

Branching

The main idea of this method is to partition the feasible set of an optimization problem into subsets and by solving the resulting problems getting information about the
bounding for the optimal value of the objective function. The task is to find an optimal
solution x∗ to the optimization problem defined above, i.e.,
Pλ : minimize f (x)
subject to x ∈ R,

xi integer i ∈ λ,

where λ denotes the set of integer variables and R is the feasible region of the corresponding continuous optimization problem
P∅ : minimize f (x)
subject to x ∈ R.
Assume that the minimizer x0 of P exists. If x0 is feasible in Pλ , it is optimal in Pλ . If
not, then there exists an i ∈ λ for which x0i is not an integer. Then two problems, P −
and P + , can be defined by branching on the variable xi in problem P∅ , as
P − : minimize f (x)
subject to x ∈ R, xi ≤ bx0i c,
and
P + : minimize f (x)
subject to x ∈ R, xi ≥ dx0i e,
where bac represents the largest integer not greater than a and dae represents the smallest
integer not smaller than a. If any of the solutions to P − or P + is feasible in Pλ it is a
candidate for the optimal solution of Pλ . If not, the procedure is recursively repeated
and the two problems, P − and P + , are branched into two problems each which are
then solved and so on. This will generate a tree in which each node corresponds to a
continuous optimization problem (e.g., P∅ will correspond to the root of the tree, while
P − and P + will be the children of the root). There are two special cases in which
no branching is possible at a given node: (i) when the solution to the corresponding
problem is integer (a candidate for the optimal solution is found) and (ii) when the
11
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problem has no feasible point. Otherwise the node is a parent node and gives rise to two
branched subproblems. If the feasible region is bounded the tree will be finite and each
path through the tree ends in either a candidate for the optimal solution or an infeasible
solution. When the branching is finished, the optimal solution will be the candidate
node possessing the lowest objective value.

3.3.2

Bounding

If branching would be the only strategy to solve MILP problems it would mean that all
feasible solutions needs to be found and compared before the optimal solution could be
chosen. Since the number of nodes in the branch–and–bound tree grows exponentially
with the number of integer variables in a MILP a strategy to evaluate which nodes
are worth continuing branching on and which nodes result in high objective values is
required. Assume that some but not all of the branched problems in the tree have
been solved, and let fk denote the lowest objective function value corresponding to a
feasible solution found at candidate k. This solution is feasible in Pλ , which implies that
f (x∗ ) ≤ fk . If fj is the objective value corresponding to node j in the tree, node j is
subject to branching and it holds that fj ≥ fk , then node j can be rejected. This relies
on the fact that all the possible candidate nodes that are descendants to the current node
will correspond to an objective value higher than fj . This is due to the fact that the
current node corresponds to a relaxed problem of its descendants, i.e., the descendants
are bounded by an additional integrality constraint compared to the current node. This
is the main principle in the branch–and–bound method which enables the solution to
be obtained by making only a partial search of the tree. However, according to Roger
Fletcher ([15]) the method becomes effective only if the partial search strategy is chosen
carefully.

3.3.3

Relaxing optimality

Although modern implementations of the branch–and–bound method significantly speeds
up the solution process, it may take very long computing time for big problems to be
solved to optimality. It would be advantageous to have more criteria for terminating the
process after at least one feasible solution has been found. The optimal value f ∗ of Pλ is
bounded from above by the lowest objective value, fk , corresponding to a feasible (i.e.,
integer) solution found, and from below by a value, call it fL , deduced from all the node
subproblems solved so far. The value fL does not correspond to a feasible solution but
to the solution of the relaxed problem of the node in the tree corresponding to the lowest
value fj and that does not have any children. The optimization problem corresponding
to a parent node is a relaxed version of the problems of its descendant nodes; since a
relaxed optimization problem has an objective value that is lower than or equal to that
of the corresponding restricted problem, fL is chosen from the nodes without children.
The search can be terminated when
|fL − fk |/(10−10 + |fk |) < r,
12
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where r is typically given a value ≤ 0.1. Thus the returned objective value will be within
100r percent from the optimal value, provided that this value is significantly greater than
1. Increasing the value of r allows an objective value farther from the optimum to be
accepted. The search may be significantly shortened as a result. The value of r is called
the mipgap [16] and will be used in Chapter 6.

13
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Mathematical modeling
The main task of this thesis is matching a collection of GPS points to the links of a road
network so that the links form a connected path. There are two goals: (i) each GPS
point should be matched to a link as close as possible to the point, and (ii) the total
length of the path formed by the matched links should be as short as possible.

4.1

Multi-objective optimization

Multi-objective optimization problems have two or more objective functions and are used
when the decision making involves conflicting interests [17]. For instance, it is unusual
that the cheapest car would also be the most fuel-efficient, comfortable, and safe. Since
the interests may be in conflict it is not trivial to decide which of two feasible solutions is
the best and a strategy to choose a solution is needed. A Pareto optimal solution is such
that no objective value can be improved without making at least one other objective
value worse. One way to solve multi-objective optimization problems is to compute
many Pareto optimal solutions and manually choose one. Another solution strategy is
to optimize a weighted sum of the objective functions. This requires, however, a careful
analysis of what weights to assign to the single objective functions. Also, generally it
cannot be guaranteed that all Pareto-optimal solutions can be found by the weighted
sum strategy.

4.2

Map-matching model

We next present a mathematical model of the problem to optimally match a collection of
GPS points to a connected path of links of a road network. The road network data used
in this model is described in Section 2.1. The main result from the model is a sequence
of links, given the collected GPS points of a route and the corresponding road network
defined by a map.
14
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4.2.1

Sets

The sets I, J and Ji (p) are predefined according to:
I : an ordered set of N GPS points from one route; index i=1,2,...,N ,
J

: an ordered set of the K considered links; index j=1,2,...,K,

Ji (p) : a subset of J containing the p closest links to GPS point i;
indices i ∈ I, p = 1, . . . , K,
while the set π is an outcome of the model, according to:
π : ordered set of links (a subset of J) defining an executable path; index t=1,2,...,T .
The goal of the map-matching is to generate an executable path of links (defined by π)
that suits the ordered set I of GPS points the best, which is determined by the constraints
and objective functions described below. Note that a link may appear several times in
π.

4.2.2

Constants

The parameters used in the mathematical models are given by the following:
dij
lj

: the distance between GPS point i and its closest point on link j [m], i ∈ I, j ∈ J,
: the length of link j [m], j ∈ J.

The parameters bjm represents all possible turns between pairs of links in the set J:
(
bjm =

4.2.3

1, if link j can be directly followed by link m,

j,m ∈ J.

0, otherwise,

Decision variables

Each GPS point should be matched to a link. The variable
(
1, if GPS point i is matched to link number t in the path,
δit =
0, otherwise,
The path must be ”filled” with links. The variable
(
1, if link j should be placed as number t in the path,
γjt =
0, otherwise,
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CHAPTER 4. MATHEMATICAL MODELING

4.2.4

Objective functions

To be able to formulate the model using linear relations between the variables continuous
help variables are introduced:
αijt : continuous auxiliary variable, i ∈ I, j ∈ J, t ∈ π.
The goal of the model is to describe the problem of finding the best matchings of a
collection of GPS points to a road network. One measure of the accuracy of a matching
between a GPS point and a link is to measure the distance between them, which naturally
should be as short as possible. The total accuracy of a matching will then equal the
sum of the corresponding distances over the set of GPS points, which is given by the
expression:
X X X
dij δit γjt .
(4.1)
i∈I j∈Ji (p) t∈π

The function defined by (4.1) is non-linear with respect to the variables δit and γjt , which
is not preferable, since linear optimization problems are in general easier to solve than
non-linear problems, as discussed by Andréasson et al. [13, Chapter 9]. In order to make
the model linear the objective function is rewritten using the continuous help variables
αijt , as
X X X
min
dij αijt ,
(4.2)
i∈I j∈Ji (p) t∈π

where αijt has to fulfill the conditions
αijt ≥ δit + γjt − 1,

i ∈ I, j ∈ J, t ∈ π,

(4.3)

αijt ≥ 0,

i ∈ I, j ∈ J, t ∈ π.

(4.4)

Since all distances dij are assumed to be nonnegative, the variables δit and γjt are
required to be 0 or 1, and the function (4.2) is to be minimized. The constraints (4.3)
and (4.4) will force αijt to take either the value 0 or 1 even though fractional values are
allowed. The variable αijt will take the value 1 only when GPS point i is connected to
link j via place t in the path defined by π.
To generate an executable path (i.e. a set of connected links) it is (in some cases) necessary to include more links than those matched to any of the GPS points, by (4.1)–(4.4).
This can be achieved by including links connecting the partial paths to an executable
path, in such a way that the total length of all used links is minimized. The connection of the partial paths will be considered by the constraints but an objective function
minimizing the total length of the links is required:
XX
min
lj γjt .
(4.5)
j∈J t∈π
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Both the objective functions (4.2) and (4.5) are required to be able to receive a robust
result. Neither of them would guarantee that a reliable result is achieved without the
other one present in the model. If only (4.2) was used every GPS point would be matched
to its closest link and the number of links or their lengths would have no limit and the
total length of the path would not be considered. If on the other hand only (4.5) was used
the path would in the most extreme case consist of only one link, namely the shortest
one available in the set J. The two objective functions are in typical cases in conflict
with each other, which means that our problem is a genuine multi-objective optimization
problem [17]. The objective function used in the comprehensive search for a solution is
chosen as a weighted sum of the expressions in (4.2) and (4.5), defined as
XX
X X X
lj γjt ,
(4.6)
dij δit γjt + (1 − )

j∈J t∈π

i∈I j∈Ji (p) t∈π

where  ∈ [δ1 , δ2 ], 0 < δ1 ≤ δ2 < 1 is a parameter used to weight the two parts.

4.2.5

Constraints

In order to ensure that the set of links chosen for an optimal path also forms an executable
(i.e. connected) path, the mathematical model must include logical constraints. First, a
vehicle can drive at just one road at a time and hence maximally one link may be placed
at each position in the path list π, which is expressed as:
X
0≤
γjt ≤ 1, t ∈ π.
(4.7)
j∈J

Since it is not known beforehand how many links will be included in the optimal path,
the list π must be long enough (to include possibly all links in the data set several times).
In a feasible solution the empty positions should be gathered at the end of the list, which
is formulated as:
X
X
γj,t+1 ≤
γjt , t ∈ π \ {T }.
(4.8)
j∈J

j∈J

Each GPS point is generated at a specific position and all the GPS points generated
should be considered in the matching problem. Hence, each point should be matched to
exactly one position in the path list, according to:
X
δit = 1, i ∈ I.
(4.9)
t∈π

Each GPS point should be matched to a link. If a GPS point is connected to position t
in the path list π, there must be a link connected to the same position, according to:
X
γjt , i ∈ I, t ∈ π.
(4.10)
δit ≤
j∈J
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To obtain an executable path, the sequence of links in the list π must obey the turning
restrictions posed on every pair of links; this is expressed by the constraints
γjt + γm,t+1 ≤ 1 + bjm , t ∈ π \ {T }, j, m ∈ J.

(4.11)

Moreover the GPS points must be connected to links in π such that their order is
preserved, according to the constraints:
δit + δns ≤ 1 i,n ∈ I : n ≥ i + 1, s,t ∈ π : t ≥ s + 1.

(4.12)

In order to limit the complexity of the problem (since the computational time required
to solve the problem increases exponentially with the number of variables), not all links
are considered for matching with each GPS point, just the p links that are closest to the
GPS point, i.e.,
αijt = 0, j ∈ J \ Ji (p), i ∈ I, t ∈ π.
(4.13)
Now we have formulated all constraints required for a feasible solution of the resulting
optimization problem corresponding to an executable path.
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5
Heuristic and comprehensive
search for solutions
5.1

Heuristic search for solution

The heuristic algorithm developed in this project is inspired by the algorithm proposed
by Marchal et al. ([4]), which is commonly cited in map-matching literature [1, 2, 3]. The
algorithm is constructed with the aim to produce (within a reasonably short computing
time) a feasible path with a short total length and a small displacement compared to
the GPS route. It does, however, not guarantee that the resulting path is the optimal
one.

5.1.1

Score of a path

The heuristic algorithm typically generates numerous of candidate subpaths of links and
that need to be evaluated with respect to how good they fit the sequence of GPS points.
Eventually, it will choose a complete path, which needs to be evaluated. The evaluation
is performed by a comparison with the comprehensive approach, which is described in
Section 5.2.
Score of a subpath
Given a suggested subpath composed by links being matched to the GPS points 1 to k,
let Lk denote the length of the suggested path from the point matched to GPS point 1 on
the first link to the point matched to GPS point k on the last link. For i = 1, . . . , k, let
di denote the shortest distance from GPS point i to its matched link in the subpath (see
Figure 5.1). Note that di = dij , where link j is matched to GPS point i in the subpath
at hand. The score of the given subpath is defined by a weighted sum of distances di
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P3
d3
link 45

P1

link 44
link 43

L1,2 = 1/5 l42 + 2/3 l43
L2,3 = 1/3 l43 + l44
L3 = L1,2 + L2,3

d1
d2
P2
link 42

Figure 5.1: Illustration of the path score (Section 5.1.1). The magenta path illustrates the
path between the point on link 42 to which the first GPS point (P1 ) is matched and the
point on link 43 to which the second GPS point (P2 ) is matched; the length of this path
equals L1,2 . The cyan path illustrates the path between the points on the corresponding
links that are matched to the GPS points P2 and P3 , with length L2,3 . The length of the
total path between the link points matched to GPS points 1 and 3 denoted L3 equals the
sum of the lengths of the two subpaths, i.e., L1,2 + L2,3 . li denotes the length of link i,
i = 42, . . . ,45)

and the length Lk , as


k
X

di + (1 − )Lk ,

(5.1)

i=1

where  ∈ [0,1] is a parameter used to weigh the two parts and which should have
a constant value throughout the whole matching process (note that the sense of the
parameter  coincides with that in the objective function (4.6)). In case of an infeasible
subpath, i.e., when link k is not reachable from link k − 1 using the available set of links,
Lk is assigned a value orders of magnitude larger than the longest link in the set. This
will prevent the algorithm from choosing such an infeasible solution.
Score of the final path
At the end of the heuristic algorithm, when a final path is chosen, the final path score
is calculated to be used as a reference in the comparison of the heuristic and the comprehensive approaches. The final path score is a weighted sum of the functions defined
in (4.1) and (4.5), i.e.,
X X X
XX

dij δit γjt + (1 − )
lj γjt ,
(5.2)
i∈I j∈Ji (p) t∈π

j∈J t∈π

where the value of  should be the same as that chosen in (5.1). The final path score
differs from the score of a subpath by taking into account the total length of all chosen
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links, while possibly not the whole length of each of the first and last links are included
in (5.1).

5.1.2

The heuristic algorithm

The heuristic algorithm is initialized by the identification of the p closest links to GPS
point 1. For each of the p links a subpath suggestion, which at this point consists of
just one link, is created and stored in a set, denoted S. For each of the items in S the
path score is calculated according to the formula (5.1). The remaining GPS points are
treated in the order of their logged times. Starting with i = 2, the following procedure
is applied:
1. Store the p links that are closest to GPS point i in the set C.
2. For each combination of a subpath in S and a link in C, construct an extended
subpath including the old subpath from S, the new link from C, and the shortest
possible path from the end of the old subpath to the start of the new link. Update
the path scores and store the new subpaths in a temporary set denoted S1 , ordered
by increasing path score.
3. Let S := ∅. Add the element of S1 having the lowest path score to S.
4. For each of the elements in S1 , treated in increasing path score order:
(a) Check if the last link of the element equals the last link of any of the elements
in S.
(b) If it is not equivalent, add the element to S. If it has the same ending link as
any of the elements is S it should not be included in S.
5. If i < N let S1 := ∅ and C := ∅, let i := i + 1 and go to step 1. Otherwise exit.
Finally there will be p path candidates in the set S and the best path will be considered
the one with the lowest path score, as defined in (5.1).
The algorithm described above is illustrated in Figure 5.2. Remark that the reason
for not including an element of S1 in S in paragraph 4(b) is that if it has the same
ending link as an earlier considered element of S1 the succeeding part of the route will
follow the same path for these two elements. Since the elements in S1 are considered in
increasing path score order the latter is a worse alternative. Note that the cardinality
of S1 , denoted |S1 |, equals |S|p which in all iterations of the algorithm but the first will
be p2 . Also note that two consecutive GPS points often are matched to the same link in
the resulting path. The last link of a subpath in S will hence probably be the same as
one of the links in C in paragraph 2.
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Start
GPS point 1
Find the p
closest links.
Create p paths.
Calculate
objective values.
Store paths in S.
GPS point i + 1
Find the p closest
links. Store in C.
Match each new
link in C to
each existing
subpath in S,
store each combination in S1 .

Add to S.

no

Last link of
element already
represented in S?

yes

Calculate
objective values.
Sort S1 and
empty S.
First element of S1

Any elements
left in S1 ?

yes

Next element of S1

no
no

i = N?

Empty C and S1 .

yes
Pick best
path from S.

Figure 5.2: Flow chart of the heuristic map-matching algorithm described in Section 5.1.2.
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5.2

Comprehensive search for solution

To be able to verify how close the path found by the heuristic algorithm, described
in Section 5.1.2, is to an optimal solution to the optimization problem defined by the
minimization of the function in (5.2) under the constraints defined in (4.7)–(4.13), a
comprehensive solution search has also been performed. To do this search the model
defined by (5.2) and (4.7)–(4.13) has been implemented in the modeling language AMPL
([10]) and the optimization solver CPLEX ([11]) have been used. CPLEX implements the
branch–and–bound method described in Section 3.3. Since the comprehensive search is
both memory-intensive and time consuming the solutions to very small problem instances
only have been compared using this approach.1

1

By redefining some of the variables in the model described by (5.2) and (4.7)–(4.13) it is possible
to substantially decrease the number of variables needed to define the problem which would decrease
both memory and time consumption. The resulting model is presented in Appendix B. However, the
implementation of such a model fell outside the timeframe of this thesis.
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6
Tests, results, and conclusions
All tests have been performed using GPS data collected in Umeå and Gothenburg, Sweden. No more information is available about the driven routes than the vehicle position,
logging time, and vehicle velocity of each GPS point. It is thus impossible to tell whether
or not the generated path is totally correct and accuracy tests like those performed by
Marchal et al. [4] are not possible to perform. In most cases, it is however easy for a
human to imagine what the correct path should look like, given a GPS route superimposed on the corresponding road map. Thus the evaluation of the results will be made
through visual inspections of the GPS routes and the resulting paths simultaneously. An
example of a GPS route and a path generated by the heuristic algorithm can be seen in
Figure 6.1.
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Figure 6.1: A GPS route (red) and the corresponding path generated by the heuristic
algorithm (green) plotted in the same figure. Here,  = 0.5, N = 187, and p = 15.
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6.1

Test of the heuristic approach

The heuristic approach needs to be fast and reliable to be useful in an everyday application where the work manager can get a report of driven routes every ten minutes. Thus
execution time and the perceived accuracy will be tested. Regarding the execution time
there are two main parameters affecting the computing time required by the algorithm:
the number of GPS points, denoted N , and the number of suggested links in each step of
the algorithm, denoted p. Regarding accuracy we consider two measures of the quality
of a solution: the path score and the visual appearance of the path. The accuracy is
affected by mainly the two parameters p and , i.e., the number of closest links to each
GPS point and the weight parameter used for the objective function.

6.1.1

Varying the number of closest links to each GPS point
5100

12
Path score

4900

10

Time [CPU sec]
4700

8

4500

6

4300

4

4100

2

3900

0
0

20

40

60

80

100

p

Figure 6.2: Performance and time consumption of the heuristic algorithm for varying
values of the number, p, of closest links to each GPS point considered. Here, N = 187 and
 = 1/3. The data is presented in Table A.1.

The number, p, of closest links to each GPS point affects mainly two things: the
execution time for the algorithm and the accuracy of the solution. The higher value of
p, the better accuracy but also the longer execution time. The accuracy is in this case
measured in two ways: a visual inspection of the result in a map but also by the path
score. A high value of p will result in a low path score and vice versa. This is because
the procedure that uses a high value of p will find but reject all solutions with higher
path scores that may be suggested as the final result using a lower value of p. The lower
path score, the better result. The execution time and path score have been tested for
three different GPS routes with N = 187, 1546, and 1782 GPS points, respectively. The
results are presented in Tables A.1, A.2 and A.3 and plotted in Figures 6.2, 6.3 and 6.4.
How the value of p affects the path is shown in Figure 6.5.
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Figure 6.3: Performance and time consumption of the heuristic algorithm for varying
values of the number, p, of closest links to each GPS point considered. Here, N = 1546 and
 = 1/3. The data is presented in Table A.2.
173500

900

173000

800

Path score

172500

700

Time [CPU sec]

172000

600

171500

500

171000

400

170500

300

170000

200

169500

100

169000

0
0

50

100

150

200

p

Figure 6.4: Performance and time consumption of the heuristic algorithm for varying
values of the number, p, of the closest links to each GPS point included. Here, N = 1782
and  = 1/3. The data is presented in Table A.3.

It can be seen in Figures 6.2, 6.3, and 6.4 that the path score decreases for increasing
p while the execution time increases. In Figures 6.2 and 6.3 the path score decreases
rapidly for low values of p and the curve levels off at p > 20. In Figure 6.4 the curve
of the path score is less steep and even at p = 200 the curve has not yet leveled off.
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In practice it is not possible to recommend a value of p that is valid for all cases. For
instance, the accuracy of the GPS points and the closeness between the links in the road
network will influence at what value of p the path score curve levels off. Experience
gained from repeated experiments of different data sets where the computing times and
the path scores for varying p is considered in relation to the accuracy of the GPS points
and the closeness of the road network is needed for an appropriate choice of p. For the
cases represented in Figures 6.2 and 6.3 a value of p between 15 and 20 seem to be a
good choice since both the path scores and the execution times are reasonably low and
the visual accuracy of the path seems fair as shown in Figure 6.5. In contrast, for the
case represented in Figure 6.4 the choice of p has to be a compromise between sufficiently
good visual accuracy of the path and a reasonable computing time.
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(a) p = 5

(b) p = 7

(c) p = 15

Figure 6.5: Part of a GPS route (red) and a corresponding path generated by the heuristic
algorithm (green) plotted for three different values of p. Here,  = 1/2 and N = 187. The
GPS route starts in the lower right corner and is a subset of the GPS route illustrated in
Figure 6.1. Depending on the choice of the number, p, of suggested links the generated path
differs. Notice the loop to the left in the path generated with p = 5 and the short detour
to the right for p ∈ {5,7}. These differences occur because the algorithm matches each GPS
point to the p closest links and generate a set of shortest paths from the previously suggested
links. For lower values of p the heuristic algorithm has fewer subpaths to choose among.
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6.1.2

Varying the balance between the path length and the displacement

(a)  = 0. Only the length of the path is included (b)  = 0.5. Both the length of the path and the
in the objective.
displacement are included in the objective.

Figure 6.6: Part of a GPS route (red) and the corresponding path generated by the
heuristic algorithm (green) plotted for two values of the objective weight parameter . Here,
p = 15 and N = 187. The GPS route is a subset of the GPS route illustrated in Figure
6.1. This illustrates the effect of taking the displacement into account in the path score (i.e.,
the formula (5.1)). If the displacement is excluded (i.e.,  = 0) the algorithm will find an
acceptable path (provided that p is not disproportionately big) but by increasing the value
of  the results become more satisfactory. For a comparison of the results for the choices
 = 0.5 and  = 0.9, see Figure 6.7.

The path score, defined in (5.2), is a weighted sum of the length of the suggested path
and the distances between each GPS point and its matched link (the displacement). By
choosing different values of the parameter  the path score can be dominated by either
the length of the path or the displacement of the GPS points. The higher value of ,
the more importance is put to a small displacement, and the lower value of , the more
importance is put to a short path. Since the different path scores are not comparable
in this case the accuracy will only be visually evaluated in a map view. How the choice
of  affects the path can be seen in Figures 6.6 and 6.7. Choosing  = 0.5 yields a
good compliance between the generated path and an, by human, imagined probable
path according to the GPS points and the map. My experience from performing visual
inspections of paths generated with varying values of  is that the choice of  is not very
important. As long as the value is not very low, as in Figure 6.6(a), or very high, as in
Figure 6.7(b), the path is not affected much by the choice of . It is thus important that
both the length of the path and the displacement is considered in the path score but the
balance between them is not critical. Choosing  ∈ [0.3,0.7] yields satisfactory results.
The execution times for different values of  are presented in Table A.4 and plotted
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(a)  = 0.5. Both the length of the path and the displacement are included
in the objective and weighted equally.

(b)  = 0.9. Both the length of the path and the displacement are included
in the objective but a higher weight is put to the displacements.

Figure 6.7: Part of a GPS route (red) and the corresponding path generated by the
heuristic algorithm (green) plotted for two values of the objective weight parameter . Here,
p = 15 and N = 187. The GPS route is a subset of the GPS route illustrated in Figure 6.1.
A high value of  means that the algorithm focuses on matching each GPS point to a very
close link rather than finding a short and hence smooth path. This can be compared to the
effect of increasing the value of p. In this case, if  = 0.9, the algorithm finds the path in (a)
but chooses the path in (b) because it corresponds to a better path score. In Figure 6.5(a)
on the other hand (where  = 0.5) the algorithm would have chosen another path if found.

in Figure 6.8. At the extreme, when  was set to 1, the heuristic method failed to find
an executable path. The algorithm sorts out impossible subpaths by letting the length
of the subpath Lk increase drastically when a suggested link is not reachable from the
subpath, as described in Section 5.1.1. However, when the length of the path is not
considered in the path score formula (i.e., when  = 1) this has no impact on the choice
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of the best path. Thus, there is a risk that the algorithm chooses a combination of links
that is not executable. Most likely this is the reason why an executable path could not
be found. For  ≤ 0.9 the value of  has no significant impact on the execution time, as
seen in Figure 6.8, and only considering execution time  can be chosen freely. Hence,
according the discussion above  ∈ [0.3,0.7] is recommended.
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Figure 6.8: Time consumption for the heuristic algorithm for varying values of the objective
weight parameter . Here, N = 187 and p = 15. The numbers are presented in Table A.4.
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6.1.3

Varying the number of GPS points

The number of GPS points in the route, denoted N , affects the execution time of the
algorithm. The longer GPS route the longer execution time is needed. The sizes of the
routes vary between a couple of hundreds and several thousands of GPS points. The
impact of N on the execution time has been tested and the result is presented in Table
A.5 and plotted in Figure 6.9. Each test instance is composed by the first N points of
the same GPS route.
The relation between the size of the instance, N , and the execution time is linear as
shown in Figure 6.9. This is expected since the algorithm performs one full iteration per
GPS point.
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Figure 6.9: Time consumption of the heuristic algorithm for varying values of the number,
N , of GPS points. Here,  = 1/3 and p = 20. The numbers are presented in Table A.5.
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6.2

Test of the comprehensive approach

The comprehensive solution technique is meant to be a complement to the heuristic
approach. Using the comprehensive approach to find and verify optimal solutions to
the problem instances provides a means to evaluate the performance of the heuristic
approach. The algorithm of the comprehensive solver turned out to consume both computing time and computer memory to an extent that made it incapable of handling
routes containing more than around 10 GPS points1 . However, it was tested on instances
containing very few GPS points2 . This makes it hard to compare the two solution approaches since the heuristic algorithm is not supposed to be used on such small instances
and hence not optimized for that. The heuristic algorithm performs poorer for the initial
and the final GPS points of the route than for the internal points. This is a result of
the lack of preceding and succeeding points, respectively, which helps the algorithm to
smoothen the path. If the route is short the initial and final points constitute a major
part of the route which affect the quality of the resulting path. For instance, consider
a route containing a large number of GPS points and a small subset of this route. If
the first GPS point of the subset is of bad quality the preceding points will help the
algorithm to find the right path in the bigger instance, while this information is not
available in the small instance.
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Figure 6.10: Time consumption of the CPLEX solver for varying values of the objective
weight parameter . Here, N = 7. The numbers are presented in Table A.6.
1

The computations were carried out using AMPL-CPLEX12 on a computer with two 2.50GHz Intel
Xeon 5650, each with two cores, and its total memory was 4 Gbyte RAM.
2
By using the modified model presented in Appendix B the number of GPS points can be increased.
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(a)  = 0. Only the length of the path (b)  = 1. Only the distance between each GPS point
is included in the objective.
and its closest point on its matched link is included in
the objective.

Figure 6.11: A specially selected GPS route (red), comprising N = 7 GPS points and a
path generated by the comprehensive solver (green) plotted for two values of the objective
weight parameter . Here mipgap = 0.1. The corresponding solution obtained for  = 0.5 is
shown in Figure 6.13(a), where the same GPS route is used. Since the length of the path is
not included in the objective value of the generated path in (b), the path can go back and
forth letting two opposite links succeed each other.

6.2.1

Varying the balance between the path length and the displacement

The value of the parameter  affects in this case both the execution time and the result.
Results have been generated for a short route, with N = 7 for values of  between 0 and
1. The execution times are presented in Table A.6 and plotted in Figure 6.10. How the
value of  affects the accuracy of the path is illustrated in Figure 6.11.
Figure 6.10 shows that the value of  influences the execution time of the comprehensive solver. Comparing Figures 6.11(a), 6.11(b), and 6.13(a) implies that the value
of  is not critical for the accuracy of the generated path as long as it is not close to 1.
This result is consistent with the conclusions about  regarding the heuristic algorithm.
Since the value of  is not critical for the accuracy of the generated path but for the
execution time of the algorithm it is preferable to choose a low value. It should however
not be chosen too low since that would make the algorithm ignore the displacement of
the path. Choosing  ∈ [0.3,0.5] seems reasonable.

6.2.2

Relaxing the optimality

The relaxing optimality parameter r, called the mipgap, is defined by (3.1). The value
of mipgap is a measure of how far the objective value of an accepted solution may be
to the optimal solution. The lower value of mipgap, the closer are the objective values
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guaranteed to be of a found (accepted) solution and the (possibly different) optimal
solution. Results have been generated for a small instance, with N = 7 for values of
mipgap between 0.1 and 0.8. The execution times and the objective values are shown in
Table A.7 and plotted in Figure 6.12. How the value of mipgap affect the accuracy of
the resulting routes can be seen in Figure 6.13.
Figure 6.12 shows that the values mipgap = 0.3 and mipgap = 0.1 result in a path
with the same objective value. This implies that it may not be necessary to require that
mipgap = 0.1 before the search is terminated. The optimal solution may be found for
higher values of mipgap but will not not be verified to be optimal. However, it cannot
be determined whether the solution is optimal without solving it to verified optimality
(i.e., mipgap=0) and since this test was just performed on one instance it is not possible
to draw any general conclusions.
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Figure 6.12: Performance and time consumption of the comprehensive algorithm for different values of mipgap, for a small instance with N = 7 GPS points. The numbers are
presented in Table A.7.

6.2.3

Varying the number of GPS points

The solver typically crashes for instances with more than ten GPS points. The effects
of increasing this value, denoted N , is not possible to investigate.

6.2.4

Comparison of the two solution approaches

Since the heuristic approach can not guarantee that an optimal solution is generated the
comprehensive approach was used to test how far from the optimal objective value the
objective value of the solution generated by the heuristic algorithm is. A small instance
(with N = 10 and  = 0.5) was solved by both the heuristic and the comprehensive
approach. The heuristic algorithm generated a path with path score = 994 in 0.03
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(a) mipgap=0.1

(b) mipgap = 0.8

Figure 6.13: A specially selected GPS route (red) and a path generated by the comprehensive solver (green) plotted for two values of mipgap. Here,  = 0.5 and N = 7. The path
in (b) may seem to include nonexistent links compared to the map. The reason is that the
road network data used is more detailed than the map, i.e., all available links are not visible
in the map. Note that the selected GPS route is the same as in Figure 6.11 and that the
generated path in Figures 6.13(a) and 6.11(a) look similar but in fact are slightly different.

seconds and the comprehensive solver generated a path with path score = 946 in 3.13
seconds. The two paths are illustrated in Figure 6.14. The resulting path score generated
by the heuristic algorithm was used as a starting value for the comprehensive solver,
which can utilize this information to do the computations more efficient. Hence, the
computing times are not really comparable but they still illustrate the fact that the
heuristic algorithm is many times faster than the comprehensive solver.
The comprehensive solver finds a path with a lower path score, but according to
Figure 6.14 it may seem like the heuristic solver finds a better path. From inspection of
Figure 6.14(a) one may suspect that the comprehensive solver finds an invalid path and
that the model in Chapter 4 is lacking one or more constraints. However, the generated
path might be valid. A possible explanation is that the precision in the calculation of
the distances between the GPS points and their corresponding matched links may be
different from the precision of the measured lengths of the links. This is a result of
the fact that the lengths of the links are given in the road network data, provided by
Nationella vägdatabasen, while the distances are calculated using interpolation of the
links internal positions. When this is combined with weighing the total displacement of
the path and the length of the path equally in the path score (using  = 0.5) there is
a risk of that the cost of matching a single GPS point to a link further away may be
the same as including a new closer link even though a visual inspection would suggest
something else. This suggests that a lower path score is not always associated with the
best result and that the path score formula could be improved. However, this behavior
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shows only on instances that have a relatively long distance between its GPS points
compared to the displacement and only at a few GPS points at the beginning or end
of the route. Real sized instances contain many more and closer GPS points than the
considered instance and in such cases the path score formula is well balanced since the
probability of one single GPS point being far away from the others is low.

(a) Comprehensive approach, path score = 946, (b) Heuristic approach, path score = 994, CPU
CPU time = 3.13 sec.
time = 0.03 sec.

Figure 6.14: A specially selected GPS route (red) and a path generated by (a) the comprehensive solver and (b) the heuristic algorithm (green). Here, N = 10,  = 0.5, and
p = 15.

6.3

Conclusions

The heuristic algorithm described in Section 5.1.2 is a useful tool for finding a probable
path given a collection of GPS points from a driven route. Letting the number of closest
links to each GPS point, p, take a value in the interval [15, 20] results in an algorithm
that provides good results in a relatively short time. As long as the value of the weight
parameter  used in the path score calculations is distant from both 0 and 1 it has
no important impact on neither the execution time of the heuristic algorithm nor the
accuracy of the result. Hence,  = 0.5 is a reasonable choice. The heuristic algorithm
produces results with high accuracy and can handle long GPS routes in a reasonable
computing time.
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Further work
The heuristic algorithm produces results of satisfactory accuracy in a reasonable computing time but it can of course be improved. Below follows some suggestions for further
work.
Computation time
The execution time of the heuristic algorithm is far much lower than that of the comprehensive solver. Nevertheless, the heuristic algorithm will need to be further improved in
order to become really useful in an everyday used application. The implementation of
the algorithm contains several time consuming searches. The most time consuming one
is the search for the p closest links of each GPS point, where all links are considered and
compared. This can be improved by storing the links in a quadtree structure instead of
in a list structure.
Road network data filter
The road network data from NVDB, used in this work, contain all kinds of roads, even
bicycle paths. This means that the road network is locally very dense, as for example
at junctions. This may impact the result of both the heuristic and comprehensive algorithms since the bicycle paths will be included in the p closest links. Therefore, in very
dense areas (possibly) more important links, being farther from the GPS point, may
be disregarded. Further, bicycle paths are often parallel to other roads which also may
cause problems for the algorithms. Given information about the vehicle that produced
the GPS points - and which mission this vehicle had - it would be possible to match the
GPS points only to the links that we expect that the vehicle could have driven. As an
example, if the considered vehicle is big and unable to drive at bicycle paths, the links
representing bicycle paths should be excluded from the data.
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Figure 7.1: An instance for which the heuristic algorithm finds an incorrect path since the
representation of the road network is incomplete. The GPS route is marked in red and the
generated path in green.

GPS point filter
The number of GPS points, N , clearly affects the execution time of the heuristic algorithm. Further, the GPS points collected during a vehicle route are often located closer
to each other than what is required to get satisfactory results from matching algorithms.
Introducing a GPS point filter that detects unnecessary GPS points would improve the
performance of the heuristic algorithm. It is, however, not trivial to detect which GPS
points that are redundant or whether the total time consumption (for first detecting
and removing GPS points and then generating a path) would be decreased. These tasks
needs to be investigated.
Strategy to detect new roads
It is not unusual that the road network registered in the electronic map is incomplete.
Then the heuristic or the comprehensive algorithm may be forced to choose an incorrect
path because the correct path is not available in the data, like the instance illustrated
in Figure 7.1. A solution to this problem can be achieved by setting up a strategy for
detecting incompleteness in the road network data. This strategy could for example
evaluate the probability that a series of GPS points belong to a road that does not exist
in the data. A method for complementing the road network data would then also be
required.
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Path score
The definition of the path score can be improved in several ways, most of them including
more information about the route:
• The speed of the vehicle can be compared to the speed limit of the road in order
to eliminate the path suggestions for which the speed of the vehicle exceeds the
speed limit.
• The direction of the vehicle can be compared with the direction of the road.
More efficient mathematical modelling
By redefining some of the variables in the model described by (5.2) and (4.7)–(4.13) it is
possible to substantially decrease the number of variables needed to define the problem.
Implementing and testing the alternative model presented in Appendix B could decrease
both memory and time consumption of the comprehensive solver.
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Tables

p

Path score

Time [CPU sec]

p

Path score

Time [CPU sec]

5

4999

0.22

20

3966

0.66

7

4546

0.30

25

3966

0.92

10

4189

0.33

50

3966

2.68

15

3979

0.48

100

3966

10.31

Table A.1: Performance and time consumption of the heuristic algorithm for varying values
of p, i.e., the number of closest links to each GPS points considered in the model. Here,
N = 187 and  = 1/3. The numbers are plotted in Figure 6.2.
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p

Path score

Time [CPU sec]

p

Path score

Time [CPU sec]

5

68564

8.3

16

63648

10.0

6

66897

8.5

17

63639

10.4

7

64507

8.5

18

63639

11.0

8

64293

8.8

19

63457

10.7

9

64199

8.8

20

63457

11.0

10

64068

8.9

25

63423

12.6

11

63716

9.0

30

63423

14.6

12

63666

9.3

40

63385

19.5

13

63664

9.5

50

63385

26.9

14

63658

9.7

70

63385

46.7

15

63652

9.8

100

63385

91.3

Table A.2: Performance and time consumption of the heuristic algorithm for varying values
of p, i.e., the number of closest links to each GPS points considered in the model. Here,
N = 1546 and  = 1/3. The numbers are plotted in Figure 6.3.

p

Path score

Time [CPU sec]

p

Path score

Time [CPU sec]

5

173086

39.67

25

170426

49.59

7

172086

40.65

30

170426

54.15

10

171726

41.40

50

170221

78.34

15

171014

44.10

100

169909

198.53

20

170644

46.22

200

169321

763.19

Table A.3: Performance and time consumption of the heuristic algorithm for varying values
of p, i.e., the number of closest links to each GPS points considered in the model. Here,
N = 1782 and  = 1/3. The numbers are plotted in Figure 6.4.
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Time [CPU sec]



Time [CPU sec]

0.0

0.50

0.6

0.50

0.1

0.58

0.7

0.47

0.2

0.51

0.8

0.47

0.3

0.58

0.9

0.51

0.4

0.45

1.0

fail

0.5

0.53

Table A.4: Time consumption of the heuristic algorithm for varying values of the objective
weight parameter . Here, N = 187 and p = 15. The numbers are plotted in Figure 6.8.

GPS points

Time [CPU sec]

GPS points

Time [CPU sec]

100

0.36

1000

5.48

200

1.09

1200

6.30

300

1.79

1500

7.49

400

2.53

2000

9.67

500

2.81

3000

16.50

600

3.26

4000

21.29

700

3.76

5000

27.66

800

4.10

6000

33.21

900

4.85

6500

36.74

Table A.5: Time consumption of the heuristic algorithm for varying values of GPS points,
N . Here,  = 1/3 and p = 20. The numbers are plotted in Figure 6.9.
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Time [CPU sec]

0.0

57.69

0.2

143.14

0.4

210.32

0.5

246.17

0.6

338.67

0.8

508.30

1.0

4014.88

Table A.6: Time consumption of the CPLEX solver for varying values of the objective
weight parameter, . Here, N = 7. The numbers are plotted in Figure 6.10.

mipgap

Objective value

Time [CPU sec]

0.8

326.47

27.50

0.5

259.43

137.13

0.3

245.86

182.35

0.1

245.86

306.54

Table A.7: Performance and time consumption for the CPLEX solver for varying values
of mipgap, defined in (3.1). Here, N = 7. The numbers are plotted in Figure 6.12.
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B
An alternative mathematical
model for map matching
By redefining some of the variables in the model defined in (4.1)–(4.13) it is possible
to substantially decrease the number of variables needed to define the problem which
would decrease both memory and time consumption for the CPLEX solver. The implementation of such a model fell outside the timeframe of this thesis work. Below follows
a suggestion for a redefined model.

Variables
(
βij

=

0 otherwise,
(

γjt =

1 if GPS point i is matched to link j,

j ∈ Ji (p),

i ∈ I,

1 if link j should be placed as number t in the path,

j ∈ J,

0 otherwise,

t ∈ π,

(B.1)

(B.2)

The number of variables βij are substantially fewer than the number of variables δit used
in the model presented in Chapter 4.

Objective functions
Using the variables defined above the objective function (4.1) is expressed as
X X
dij βij ,

(B.3)

i∈I j∈Ji (p)

and the objective function (4.5) corresponds to the expression
X X
`j
γjt .
j∈J

t∈π
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APPENDIX B. AN ALTERNATIVE MATHEMATICAL MODEL FOR MAP
MATCHING

Variables

Used in model

# variables

Variable types

βij

(B.1)–(B.9)

Np

binary

γjt

(4.1)–(4.13) & (B.1)–(B.9)

KT

binary

δit

(4.1)–(4.13)

NT

binary

αijt

(4.1)–(4.13)

N pT

continuous

Table B.1: Representation of the number of variables used to define the two models presented in Chapter 4 and Appendix B. Note that the constraints (4.13) result in the removal
of some of the variables αijt .

Constraints
Each place in the path list π should be connected to at most one link, corresponding to
(4.7):
X
0≤
γjt ≤ 1,
t ∈ π.
(B.5)
j∈J

The path list should be compact, corresponding to (4.8):
X
X
γj,t+1 ≤
γjt ,
t ∈ π \ {T }.
j∈J

(B.6)

j∈J

Each GPS point should be matched to exactly one position in the path list, corresponding
to (4.9):
X
βij = 1,
i ∈ I.
(B.7)
j∈Ji (p)

A constraint corresponding to (4.10) is not relevant in this formulation of the problem
and is thus not included. The sequence of links in the list π must obey the turning
restrictions posed on every ordered pair of links, corresponding to (4.11):
γjt + γm,t+1 ≤ 1 + bjm ,

j ∈ J,

m ∈ J,

t ∈ π \ {T }.

(B.8)

The GPS points must be connected to links in π in such a way that their order is
preserved, corresponding to (4.12):
βij + βnm + γjt + γms ≤ 3,

j ∈ Ji (p), m ∈ Jn (p), i, n ∈ I : n ≥ i + 1,
s, t ∈ π : t ≥ s + 1.
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APPENDIX B. AN ALTERNATIVE MATHEMATICAL MODEL FOR MAP
MATCHING

Constraints

# constraints

Corresponding constraints

# constraints

(4.3)

N KT

(4.7)

T

(B.5)

T

(4.8)

T −1

(B.6)

T −1

(4.9)

N

(B.7)

N

(4.10)

NT

(4.11)

K 2 (T − 1)

(B.8)

K 2 (T − 1)

(4.12)

1
4 N (N

(B.9)

p2
4 N (N

− 1)T (T − 1)

− 1)T (T − 1)

Table B.2: Representation of the number of constraints (except for the non-negativity and
binary constraints) used to define the two models presented in Chapter 4 and Appendix B.

Comparison with the model in Chapter 4
The goal of the redefined model in this appendix is to decrease the number of variables
compared with the model in Chapter 4. In Table B.1 the number of variables of the two
models are listed and the constraints are listed in Table B.2. The total number of binary
variables in the model defined by (B.1)–(B.9), KT + N p, should be compared with the
total number of variables in Chapter 4, (K + N + N p)T , of which (K + N )T are binary
and N pT are continuous. Hence, the number of binary variables in the model defined
by (B.1)–(B.9) is N (T − p) fewer than the number of binary variables in the model
defined by (4.1)–(4.13). The number of considered links closest to each GPS point, p, is
a relatively small number, while the predefined maximum number of links that can be
used in the path, T , is incident to the number of GPS points in the route, N , and the
total number of links in the road network, K, is typically very large. For instances of
substantial size the computing time needed for the comprehensive solver can be expected
to decrease when using the model defined by (B.1)–(B.9) as compared with the model
presented in Chapter 4 but since K normally can be expected to be significantly larger
than N the effect on the total computing time is marginal. The number of constraints
in (B.9) are increased considerably compared to (4.12) which may have a negative effect
on the computing memory consumption of the comprehensive solver.
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