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Abstract. Optimizing parameters with momentum, normalizing data
values, and using rectified linear units (ReLUs) are popular choices in
neural network (NN) regression. Although ReLUs are popular, they
can collapse to a constant zero and “die”, effectively removing their
contribution from the model. In this paper, we consider the effects of
target normalization and momentum on dying ReLUs. We show how
optimization of a single ReLU model is influenced by the properties of
two mirrored cones in parameter space, one corresponding to dying ReLU,
and the other sharing properties with an oscillating discrete-time linear
autonomous system when using momentum4 .
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Introduction

Gradient-based optimization enables learning of powerful deep NN models [1,2].
However, most learning algorithms remain sensitive to learning rate, scale of data
values, and the choice of activation function—making deep NN models hard to
train [3,4]. Stochastic gradient descent with momentum [5,6], normalizing data
values to have zero mean and unit variance [7], and employing rectified linear
units (ReLUs) in NNs [8,9,10] have emerged as an empirically motivated and
popular practice. In this paper, we analyze a specific failure case of this practice,
referred to as “dying” ReLU.
The ReLU activation function, y = max{x, 0} is a popular choice of activation
function and has been shown to have superior training performance in various
domains [11,12]. ReLUs can, however, be initialized “dead” as a constant zero
function [13] or die during optimization, the latter being a major obstacle in
training deep NNs [14,15]. Once dead, gradients are zero making recovery possible
only if inputs change distribution.
Mitigations include modifying the ReLU to also activate for negative inputs
[16,17,18], training procedures with normalization steps [19,20], and initialization
methods [13]. The underlying cause for ReLUs dying during optimization still
remains poorly understood.
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Fig. 1. The performance of models, in terms of fit to the training data, degrades as the
variance (γ) of target values deviate from 1, or the mean (δ) deviates from 0. Here shown
in terms of mean-squared error (MSE) on four different datasets [21]. Furthermore,
decreasing γ leads to more dying ReLUs only with the use of momentum optimization
[6].

In this paper, we analyze the observation illustrated in Figure 1 that regression
performance degrades with smaller target variances, potentially caused by dying
ReLU because of the use of momentum. Although target normalization is a
common pre-processing step, we believe an understanding of why it is important
is missing, especially with the connection to momentum optimization.
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Preliminaries

The basic building block of a neural network is an affine transformation Rn 7→ R
ŷ = w> x + b

(1)

followed by a non-linear activation function
ŷf = f (w> x + b).

(2)

In this paper, we consider the ReLU activation function f (x) = max{0, x}.
Parameters are abbreviated θ = (w> , b)> . We consider the ReLU dead when
P (w> x + b) < ε

(3)

for some small ε, i.e., that the output is non-zero with probability smaller than ε.
This building block — affine transformation and ReLU — is what we aim to
understand in this paper. Although in a deep neural network, the output of the
ReLU is not compared explicitly against some ground truth, we will assume the
positive part is fitted against a simple target affine transformation y = Γ > x + ∆.
If we also assume x ∼ N (0, I), we can w.l.o.g. set Γ = (0, 0, . . . , γ)> , where γ 2
will equal the variance of the target variable. We assume a squared error loss


1
2
L(θ) = Ex (ŷ(x) − y(x))
(4)
2
and perform momentum optimization with momentum parameter β and learning
rate η.

The Effect of Target Normalization and Momentum on Dying ReLU

3

3

Investigating only the affine model

Gradient descent with momentum, using Eq. (1) as approximator, can be written
closed form as
 0  
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where a = (w − Γ )> , b − ∆ , subscript i denotes the i:th element, the prime (0 )
denotes the value after multiplication with the matrix A, and m is the momentum
vector. The behavior of the parameter evolution can be well described by the
eigenvalues of A. If all eigenvalues lies inside the complex unit circle, we are
guaranteed to converge to the zero vector in the limit, i.e., where w = Γ and
b = ∆. More interestingly, for β = 0, all eigenvalues are real, but as we increase β,
eventually eigenvalues become complex and parameters will oscillate, see Figure 2.
In the next section we will show how these properties translate to the ReLU case,
and how this can lead to dead ReLU.
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Fig. 2. Left: Eigenvalues of A as β is increased from 0 (marked as ×) to 1, and learning
rate is kept constant at η = 0.1. At β ≈ 0.7 eigenvalues the become complex and take
the value 1 for β = 1. Right: As the eigenvalues become complex, gradient descent
produces oscillations. These are three examples all originating from the same parameter
coordinate.
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ReLU model

The
of a dead ReLU, using our assumption on x, can be rewritten as
 definition

b
Φ kwk < ε, where Φ is the cumulative distribution function of the standard
b
normal. Rewriting in terms of the inverse, we get kwk
< Φ−1 (ε) which defines a
b
“dead” cone in parameter space. Likewise, we can define a “linear” cone, kwk
>
−1
−Φ (ε), where the probability of values being set to zero by the ReLU is smaller
than ε.
We calculated the analytical gradients when integration is performed over x,
Eq. (4), and illustrate how the resulting vector fields in two dimensions change
with a reduced target variance in Figure 3.

4

I. Arnekvist et al.

= 1.0

1.0

= 0.1

= 0.01

= 0.001

0.0
0.5
1.0

100
10 1
10 2
10 3
10 4
10 5
10 6
0

gradient norm

b

0.5

1

0
wL

1

1

0
wL

1

1

0
wL

1

1

0
wL

1

Fig. 3. Vector fields showing evolution of parameters θ = (wL , b)> for different target
variances γ 2 when β = 0. The dead cone is clearly visible in the lower part. The linear
cone is the dead cone mirrored along the b-axis. As γ becomes smaller, parameters
evolve either into the dead cone, or into the linear cone where oscillations become
prevalent when introducing momentum. Ground truth also moves closer to the dead
cone for smaller variances.

Parameters evolve into the linear cone (if not to the dead cone) for small
γ, then approach the ground truth now close to the dead cone. In Figure 2,
we observed complex eigenvalues and oscillations starting at around β = 0.7.
Because of these oscillations in the linear cone, parameters overshoot into the
dead cone and get stuck there. In Figure 4, we show how larger and larger areas
of the parameters space converges in the dead cone as β is increased β > 0.7.

Fig. 4. Blue regions correspond to parameter initializations that converge in the dead
cone. Black dots show converged parameters when two consecutive updates have norm
< 10−6 . As β increases, eventually very small regions of the parameter space (yellow)
are able to converge at the ground truth (white dot). Once again, the dead cone is
clearly visible in the bottom part.
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Further analysis and future work

The full manuscript presents further analysis of gradients to further support
the claim of the linear and dead cone, including more thorough derivations and
motivations of the claims in this abstract. Finally, we also show that the problem
of dying ReLU persists in deeper architectures, including deep residual networks
with batch normalization [20,22]. Future work is to synthesize advice or novel
algorithms for use by researchers and practitioners.
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