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ABSTRACT: In this article, the design approach, the implementation, and experimental
results of multiband branch-line couplers operating at arbitrary frequencies are presented.
The conventional branch-line coupler structure is adapted to multiband operation by shunting its four ports with multiband reactive networks. The performance of the proposed
multiband couplers is theoretically analyzed and optimized through the even-odd mode
circuit analysis. Dual-band (2.4–3.5 GHz), triple-band (1.5–2.4–4.2 GHz), and quad-band
(1.5–2.4–3.5 GHz) microstrip branch-line couplers have been realized and tested to verify
the design method. The good experimental results (input return loss greater than 15 dB and
amplitude imbalance lower than 0.7 dB) show excellent agreement with theoretical and
C 2013 Wiley Periodicals, Inc. Int J RF
simulated ones, thus validating the proposed approach. V
and Microwave CAE 24:117–129, 2014.
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replacement of the quarter-wave transmission lines of the
branch-line coupler with an equivalent dual-band network
[8–13]. Alternative approaches are proposed in [14] and
[15], where the coupling between microstrip lines is successfully exploited, in [16], where the three-branch-line
topology is proposed, in [17], where the concept of stubloaded rectangular patch is introduced, and in [18], where
the dual-band operation is obtained by adding a properly
designed series transmission line section at the four ports
of the single-band branch-line coupler. The capability of
implementing dual-band branch-line couplers by means of
composite right/left-handed transmission lines has also
been demonstrated in [19–21]. However, all the mentioned
configurations were developed only for dual-band
operations.
Solutions to design branch-line couplers having more
than two operating bands can be found in [22–26]. However, the methods proposed in [22–24] are not assisted
with a full theoretical analysis that demonstrates the possibility to extend them for an arbitrary number of operating
frequencies. Moreover, the approach presented in [25] is
limited to correlated frequencies, while the one adopted in
[26] exploits the composite right/left handed transmission
line concept, resulting in degraded performance and high
losses due to the complexity of the circuit and the critical

I. INTRODUCTION

The fast development of wireless communication systems
and the roll-out of new standards, such as GSM (800/900/
1800 MHz), WCDMA (2.1 GHz), WLAN (2.45/5.25
GHz), and WiMAX (3.5 GHz), requires multiband transceivers [1] to process several types of signals at the same
time. Among different combining passive structures, the
branch-line coupler is one of the most important components used in microwave and millimeter-wave applications
because of its essential role in balanced [2] and Doherty
amplifiers [3, 4], mixers [5], modulators [6] and beam
forming networks for circularly polarized antennas [7] due
to its good directivity, and inherent 90 phase shift
between its output ports. As a consequence, a method for
the design of multiband branch-line couplers can be of
key importance for the development of multiband
transceivers.
Recently, different configurations for the design of
dual-band branch-line couplers have been proposed
[8–21]. One of the most adopted solutions is based on the
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dimensions of some of its constitutive semilumped
elements.
In this article, drastically extending [27], a closed form
design approach for multiband branch-line couplers for
arbitrary operating frequencies is presented. Starting from
the dual-band quarter-wave transmission line topology, an
optimization technique is proposed to extend its behavior
to three arbitrary bands. Later, the method is generalized
for any number of arbitrary bands. The design approach is
thereafter demonstrated through the practical implementation of dual-band, triple-band, and quad-band microstrip
branch-line couplers. The experimental measurements validate the proposed design methodology, showing excellent
results in terms of matching, directivity, phase quadrature
and isolation at each operating frequency band.
II. THEORETICAL ANALYSIS AND DESIGN EQUATIONS

The conventional (single-band) branch-line coupler is
composed of four quarter-wave transmission lines [28].
Hence, the design of the multiband branch-line coupler
starts from the investigation of a suitable topology to
achieve multiband quarter-wave transmission lines. Then,
by combining four of such structures, the multiband
branch-line coupler is achieved.
A. Dual-Band Quarter-Wave Transmission Line
The ABCD-matrix of a quarter-wave transmission line
having characteristic impedance ZT is given by[28]

ABCDk=4 ¼

jZT
0

0
j
ZT


(1)

The matrix in (1) can be simultaneously produced at two
arbitrary frequencies (fi with i ¼ 1,2) by means of the network in Figure 1 [9]. It consists of a series transmission
line, having characteristic impedance Zc, and two purely
reactive shunting elements (Bi). The ABCD-matrix of the
topology in Figure 1 at the two frequencies is given by:

ABCDfi ¼

1
jBi

0
1



cos hi
sin hi

j
Zc

jZc sin hi
cos hi



1
jBi

0
1

f1 þ f2
2

Z
T 
p fi

sin
2 fc
1


Bi ¼
Zc tan

p fi

2 fc

(4)



(5)

Being Zc,1 ¼ Zc,2 in (4), the design parameter Zc of the
network in Figure 1 is unique, allowing the ABCD-matrix
in (1) to be obtained at both frequencies without any compromise. It has to remark that (4) has valid solutions, that
is, positive values for Zc,i, only if 0 < fi/fc < 2. Accounting for (3), this condition is verified if both frequencies
are greater than 0.
B. Triple-Band Quarter-Wave Transmission Line
Assuming three arbitrary frequencies (0 < f1 < f2 < f3), a
unique Zc solution is not derivable from (4), since the sine
function allows a unique solution only for two angles
symmetrically positioned with respect to 90 . Therefore, it
is not possible to exactly reproduce the ABCD-matrix in
(1) at the three frequencies, simultaneously. However, by
properly choosing the design parameters of the network in
Figure 1, it is possible to find a condition in which the
resulting matrix at the three frequencies is as close as
possible to (1).
To infer the optimum design parameters, it is useful to
start performing the matrix products in (2). Moreover, the
relation in (5) has to be adopted to define the proper Bi
values to guarantee that the network in Figure 1 behaves
as a quarter-wave transmission line at all operating
frequencies. The resulting ABCD-matrix is
3
p fi
2 fc 7
7
7
0
7
5


2
6
6
ABCDfi ¼ 6
6
4Z

jZc sin

0
j
c

sin

p fi
2 fc



(6)


(2)

where hi ¼ p2 ffci . In Ref. 9, it has been demonstrated that by
equating (2) to (1) leads to the following constraints for
the topology in Figure 1:
fc ¼

Zc; i ¼

(3)

From the ABCD-matrix in (6) the full two-ports scattering-parameters matrix can be derived. However, to reduce
the scattering parameters to consider for the analysis, it is
useful to account for the properties of the network in
Figure 1. In particular, due to the symmetry of the network, S11 ¼ S22. Moreover, assuming passive and lossless
elements, it follows that S21 ¼ S12 and |S21|2 ¼ 1|S11|2
[28-Section IV.C]. Finally, one can consider that the condition ﬀS21 ¼ 90 is guaranteed by using (5) to calculate
the values of Bi [9]. The derived conditions are valid at
each frequency, independent of the value selected for fc
and Zc. As a consequence, only the S11 parameter can be
considered in the analysis. It is given by:
S11 ¼

Figure 1 P-shaped network which is equivalent to a quarterwave transmission line at two frequencies. Bi, i ¼ 1,2, represent
the susceptances at the two frequencies.

B  CZ02
B þ CZ02

(7)

where Z0 is the reference impedance of input and output
ports. Substituting (6) in (7) leads to
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p fi
 Z02
2 fc
 
¼
p fi
þ Z02
Zc2 sin2
2 fc
Zc2 sin2

S11;fi



(8)

The aim is to find the values of Zc and fc, if they exist,
that allow to obtain from the network in Figure 1 the
same behavior at the three operating frequencies. This
task is thus represented by the following condition:
jS11;f1 j ¼ jS11;f2 j ¼ jS11;f3 j



 
p f3
¼ sin
2 fc





 
p f3
¼ sin
2 fc

p f1
sin
2 fc

p f2
sin
2 fc

S11

(10a)
Z0
Zc ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
   ﬃ
p f1
p f2
sin
sin
2 fc
2 fc
(10b)
Z0
Zc ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
   ﬃ
p f1
p f2
sin
sin
2 fc
2 fc
(10c)

By assuming Z0 ¼ ZT and by manipulating (4), the
following relations are obtained:

sin

sin

sin

p f1
2 fc
p f2
2 fc
p f3
2 fc


¼

Z0
Zc;1

(11a)

¼

Z0
Zc;2

(11b)

¼

Z0
Zc;3

(11c)




Finally, by replacing (11) in the right side equations of
(10), the possible sets of solutions for fc and Zc that verify
condition (9) are given by
f1 þ f2
2
f1 þ f3
fc ¼
2
f2 þ f3
fc ¼
2
fc ¼

S11

(9)

By substituting (8) in (9), the following sets of possible
solutions are derived:
 
 
p f1
p f2
Z0
¼ sin
Zc ¼ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin
   ﬃ
2 fc
2 fc
p f1
p f3
sin
sin
2 fc
2 fc


S11

Zc ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Zc;3  Zc;2

(12a)

Zc ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Zc;2  Zc;1

(12b)

Zc ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Zc;1  Zc;2

(12c)

where (12a), (12b), and (12c) are derived by accounting
for (10a), (10b), and (10c), respectively. Among the three
possible solutions in (12), the optimum one is represented
by the solution that minimizes the |S11|. By substituting
(10) and (12) in (8) and selecting i ¼ 1, the following
relations are derived for the S11 in the three cases:





f1
f3
 sin p
sin p
f þ f2
f þ f2

 1

 1
¼
f1
f3
þ sin p
sin p
f þ f2
f þ f2

 1

 1
f1
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 sin p
sin p
f þ f3
f þ f3

 1

 1
¼
f1
f2
þ sin p
sin p
f1 þ f3
f1 þ f3




f1
f2
 sin p
sin p
f þ f3
f þ f3

 2

 2
¼
f1
f2
þ sin p
sin p
f2 þ f3
f2 þ f3
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(13a)

(13b)

(13c)

In Appendix 6 it is demonstrated that the |S11| obtained
from (13b) is the minimum respect to (13a) and (13c),
independently by the selected operating frequencies. As a
consequence, the optimum choice for fc and Zc is represented by (12b).
A graphical example that clarifies the inferred solution
is reported in Figure 2. For this example f1 ¼ 0.6 GHz, f2
¼ 0.9 GHz, and f3 ¼ 1.4 GHz are assumed. The solid line
in all graphs of Figure 2 depicts the function (4) normalized to ZT and plotted versus the normalized frequency
(f/fc). Moreover, the discrete frequency variable fi in (4)
has been replaced with the continuous one f to present the
continuous behavior of the function. The symbols in the
graphs of Figure 2 are Zc,1, Zc,2 and Zc,3 derived by (4).
Furthermore, equations (12a), (12b), and (12c) have been
used to define fc in Figures 2a–2c, respectively. It is possible to note that the case reported in Figure 2b is the one
that minimizes the distance between the largest (Zc,max in
Figure 2) and smallest (Zc,min in Figure 2) values of the
three Zc,i. As a consequence, the value derived from (12b)
for Zc is as close as possible to all the ideal Zc,i, allowing
to obtain a better |S11| parameter for the network in Figure
1.
Once we derived the optimum value for fc and Zc, the
shunted elements at each frequency (Bi) can be easily
calculated by using (5). To synthesize the computed Bi,
many approaches could be addressed, based on both
distributed and/or lumped elements[23, 26, 29–31]. An
optimum solution cannot be generalized since it depends
on application constraints like size, losses, repeatability,
cost, easiness of realization, robustness, model availability
and so on. Obviously, considering mass production, the
repeatability is in general much more important than
losses, while it could be the opposite for a single specialized design. As a consequence, one can consider the
approach here adopted as one of the possible solutions
and not necessarily the unique and/or the best one. In this
work we have chosen to implement the Impedance Buffer
Methodology, already proposed in Refs. 29 and 32. Such
an approach allows arbitrary reactive loads to be synthesized at an unlimited number of arbitrary frequencies.
Moreover, it has the advantages of being based on closed
form design equations and to being easily implemented by
using distributed planar elements. The structure obtained
with the Impedance Buffer Methodology is the ladder
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Figure 3 Ladder network obtained applying the Impedance
Buffer Methodology to synthesize the Bi susceptances for a
triple-band quarter-wave transmission line.

ized by means of a 90 open circuit stub, while the one at
f1 is obtained with a ground connection to reduce the size
of the structure. Obviously, depending on the actual application, this may or may not be a desirable feature. The
electrical length of each series transmission line (h1, h2,
and h3 in Figure 3) can be directly computed from the
desired Bi values and the operating frequencies as
described in [32].
C. Generalization for an arbitrary number of frequencies
The approach presented in the previous subsection can be
easily generalized for an arbitrary number (N) of uncorrelated frequencies (i.e., f1 < f2 < … < fN). Increasing the
number of frequencies, in fact, means increasing the values of Zc,i obtained from (4), as graphically highlighted in
Figure 4. In such a graph each symbol indicates examples
of hypothetical Zc,i values for each normalized frequency.
Once again an optimum trade-off has to be adopted to
select the design parameters, since only one value is usable for the actual implementation of Zc. However, the
higher number of frequencies does not increase the complexity of the problem. Looking at Figure 4, it is possible
to note that the general case can be traced to the case of

Figure 2 Behavior of Zc from (4) and values of Zc,i for a triple-band quarter-wave transmission line case by assuming fc as
defined in (a) equation (12a), (b) equation (12b), and (c) equation
(12c). For this example f1 ¼ 0.6 GHz, f2 ¼ 0.9 GHz, and f3 ¼
1.4 GHz are assumed.

network schematically shown in Figure 3. Starting from
the input port of the network (P1 in Figure 3), the operating frequencies are controlled in descending order, that is,
from f3 to f1. The impedance buffers at f3 and f2 are real-

Figure 4 Behavior of Zc from (4) and values of Zc,i for a multiband quarter-wave transmission line case. For this example f1 ¼
0.5 GHz, f2 ¼ 0.6 GHz, f3 ¼ 0.7 GHz, f4 ¼ 1.15 GHz, f5 ¼ 1.25
GHz, and fN ¼ 1.5 GHz are assumed. Other arbitrary operating
frequencies are supposed in the range 1.35–1.45 GHz as well.
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three frequencies. In fact, referring to Figure 4, the design
parameters fc and Zc can be selected as demonstrated in
the previous section, simply considering for the computation the frequencies f1, fN, and f4. Obtaining, thus,
|S11,f1|¼|S11,f4|¼|S11,fN|. Moreover, the return loss at the
other operating frequencies is better than the one at f1, fN
and f4, since the obtained value for Zc is closest to the
ideal Zc,i of these frequencies.
Thus, the generalized design equations for a multiband
quarter-wave transmission line derived by applying this
approach are the followings:
fc ¼

f1 þ fN
2

(14a)

Z
T 
i ¼ 1; 2…N
p fi

sin
2 fc
 
¼ min Zc;i
i ¼ 2; 3…N  1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Zc ¼ Zc;1  Zc;m

Zc;i ¼

Zc;m

Bi ¼

1


p fi
Zc  tan

2 fc

i ¼ 1; 2…N

(14b)

(14c)
(14d)
(14e)

By looking at (14) it is possible to note that this system
of equations is practically extended from the dual-band
case, where the design is fixed from the boundary frequencies (specifically f1 and fN) and the other bands are
optimized with a goal of minimum return loss with
suboptimal solution.
To synthesize the Bi susceptances for an arbitrary number of operating frequencies, the Impedance Buffer Methodology can be adopted also in this case. This is accomplished by adding an impedance buffer and a series
transmission line for each further frequency in Figure 3.
D. D. Limitations of Multiband Quarter-Wave
Transmission Lines
This subsection is focused on the analysis of the limitations
of the multiband quarter-wave transmission line synthesis
presented in the previous subsections. The synthesis
method is oriented to identify the best trade-off that equalizes the scattering parameters, and in particular the |S11| parameter, across all the operating frequencies. However, the
absolute |S11| value depends on the relation between the
operating frequencies. For example, Figure 5 reports two
hypothetical cases of Zc,i. For sake of clarity, only the
boundary values are reported, that is, Zc,1, Zc,N and Zc,m. In
both cases the same f1 and fN are assumed, resulting in the
same fc, while the value of fm is different, resulting in a different value for the actual Zc from (14d). In particular, the
spread between Zc,1&N and Zc,m in Case-I is smaller than
the one of Case-II. Consequently, the |S11| achievable in
Case-I is better than the one resulted in Case-II, even if the
optimum trade-off is adopted for both.
From the designer point of view it is useful to establish
the matching limitation of the structure directly from
the operating frequencies. Considering that the worst

Figure 5 Behavior of Zc from (4) and two cases of Zc,i having
different matching limitations. For both cases f1 ¼ 0.5 GHz and
fN ¼ 1.5 GHz are assumed, resulting in the same fc, Zc,1, and Zc,N
values. fm ¼ 0.6 GHz and fm ¼ 0.85 GHz are assumed for Case-I
and Case-II, respectively.

matching condition occurs simultaneously at f1, fm and fN,
it is possible to estimate the achievable matching simply
computing the |S11| at f1 from (13):



 


f1
fm

sin p 
 sin p 


 
f
þ
f
f
þ
f
1
N
1
N

S11;f  ¼  



1


f
f
1
m

sin p 
þ sin p 


f1 þ fN
f1 þ fN

(15)

To have an idea of the matching limitations, Figure 6
reports the behavior of (15). For illustrative purposes, the
frequency axis has been normalized with the function
fnorm ¼

2f  ðf1 þ fN Þ
fN  f1

(16)

Consequently, the values fnorm ¼ 1 and fnorm ¼ 1 represent
the frequencies f1 and fN, respectively, independent of their

Figure 6 Matching limitation for multiband quarter-wave transmission lines versus normalized frequency fnorm as defined in (16).
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ratio and absolute value. Moreover, fm can assume any value
between 1 and 1, resulting in fnorm ¼ 0 for the case fm ¼ fc.
Referring to Figure 6, the achievable matching
degrades when the ratio between fN and f1 increases. At
the same time, it depends on the relative position of fm,
resulting in to the worst condition for the case fm ¼ fc,
where also the spread between Zc,1&N and Zc,m is largest.

Figure 7 Topology of (a) single-band branch-line coupler, (b)
multiband branch-line coupler, and (c) multi-band network for the
synthesis of the Bi susceptances.

E. From the Multiband Quarter-Wave Transmission Line
to the Multiband Branch-Line Coupler
The single-band branch-line coupler is obtained by properly
combining four single-band quarter-wave transmission lines,
as reported in Figure 7a. To achieve the multiband branchline coupler topology, each single-band quarter-wave transmission line has to be replaced with the multiband equivalent one, following the design methodology described above.
Such a procedure leads to a structure similar to the one
depicted in Figure 7b. In particular, the values Zc,a and Zc,b
are derived substituting ZTp¼
ﬃﬃﬃ Za and ZT ¼ Zb in (14b),
respectively, where Za ¼ Z0 2 and Zb ¼ Z0 are the characteristic impedances adopted in the single-band branch line
coupler, as shown in Figure 7a [28]. Such operation allows
the values of Bi,a and Bi,b to be calculated as well. Their
shunt connection, that is, algebraic sum, leads to the susceptances Bi in Figure 7b. Finally, adopting the Impedance
Buffer Methodology, a multiband network having the form
depicted in Figure 7c is derived to synthesize the proper Bi
susceptance at each operating frequency.

Figure 8 Matching (a), balancing (b) and isolation (c) limitations for multiband branch-line couplers versus normalized frequency fnorm
as defined in (16).
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TABLE I Design Parameters of the Dual-, Triple-, and
Quad-Band Branch-Line Couplers

pﬃﬃﬃ
Za ¼ 50= 2 X
Dual-band branch-line coupler
Zc,1 ¼ Zc,2 ¼ Zc (X)
B1 ¼  B2 (mS)
Triple-band branch-line coupler
Zc,1 ¼ Zc,3 (X)
Zc,2 (X)
Zc (X)
B1 ¼  B3 (mS)
B2 (mS)
Quad-band branch-line coupler
Zc,3 (X)
B3 (mS)

Zb ¼ 50 X

36.9
8.2

52.2
5.8

48.1
36.5
41.9
22.0
6.0

68.0
51.6
59.2
16.0
4.3

37.8
9.0

53.4
6.3

F. Limitations of Multiband Branch-Line Couplers
Previously, it has been demonstrated that selecting
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Zc ¼ Zc;1  Zc;m allows the matching error in a multiband quarter-wave transmission line to be equalized.
However, the effect that such choice has on the branchline coupler in terms of matching, balance and isolation
conditions should be verified. The analytical demonstration is presented in Appendix 7. The results show that, by
applying the same trade-off for the characteristic impedances of the multiband quarter-wave transmission lines also
in the branch-line coupler, the error in the mismatch,
imbalance and isolation performance is equally distributed
between f1, fm, and fN. At the same time, it is demonstrated that the phase relation between the signals at port
2 and 3 is equal to 90 at each operating frequency,
allowing the desired quadrature relation to be obtained.
As was previously demonstrated for the multiband
quarter-wave transmission line, it is also possible to relate
the limitations of the multiband branch-line coupler
directly to the operating frequencies. Referring to Appendix 7, the matching (|S11|), balancing (|S21|/|S31|) and isolation (|S41|) limitations are given by



sin2 h1  sin2 hm

2
2
sin h1 þ 6 sin h1 sin hm þ sin hm 


jS21 j  sin h1 þ sin hm 
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jS31 j 2 sin h1 sin hm 

 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 sin h1 sin hm ðsin h1  sin hm Þ 


jS41 j ¼ 2 2
sin h1 þ 6 sin h1 sin hm þ sin2 hm 


jS11 j ¼ 

123

(17a)
(17b)
(17c)

f1
fm
where h1 ¼ p f1 þf
and hm ¼ p f1 þf
. Figure 8 reports the
N
N
behaviors of (17) as function of fm and the ratio fN/f1,
applying the frequency normalization defined in (16).
The behaviors in Figure 8 highlight that the worst condition for the multiband branch-line coupler limitations
occur for the case fm ¼ fc, as was also obtained for the
multiband quarter-wave transmission line. However, comparing Figures 8a and 6, it is evident that the branch-line
coupler permits a better matching performance compared
to the multiband quarter-wave transmission line for the
same fm and fN/f1 condition. Moreover, the imbalance performance, reported in Figure 8b, increases for higher ratio
fN/f1. However, the balance performance is maintained
lower than 0.5dB up to fN/f1 ¼ 5. Finally, referring to
Figure 8c, it is possible to note that the behavior of the
isolation between ports 1 and 4 is similar to the one of
the matching.

III. IMPLEMENTATION OF TEST CIRCUITS

Dual-, triple-, and quad-band branch-line couplers were
implemented to demonstrate the validity of the multiband
branch-line coupler synthesis approach. All the designed
branch-line couplers were implemented on a Rogers 5870
substrate with er ¼ 2.33 and thickness of 0.787 mm.
A. Dual-Band Branch-Line Coupler
For the dual-band branch-line coupler, the selected operating frequencies are f1 ¼ 2.4 GHz and f2 ¼ 3.5 GHz,
resulting in fc ¼ 2.95 GHz. The theoretical design parameters are summarized
in Table I. In particular, the column
pﬃﬃﬃ
Za ¼ 50/ 2 X reports the design parameters derived by

Figure 9 Photos of the realized (a) dual-band, (b) triple-band, and (c) quad-band branch line couplers, whose sizes are 65  51 mm2,
75  82 mm2 and 73  70 mm2, respectively. The network based on the Impedance Buffer Methodology that synthesizes the desired values of Bi is highlighted in each figure by means of a white frame.

International Journal of RF and Microwave Computer-Aided Engineering DOI 10.1002/mmce

124

Piazzon et al.

Figure 10

Measured and simulated results of the (a) dual-band, (b) triple-band, and (c) quad-band branch line couplers.

assuming ZT ¼ Za in (14b), while the column Zb ¼ 50 X
reports the design parameters derived by assuming
ZT ¼ Zb in (14b). The photo of the realized dual-band
branch-line coupler is shown in Figure 9a.

B. Triple-Band Branch-Line Coupler
For the triple-band branch-line coupler, the arbitrarily
selected operating frequencies are f1 ¼ 1.5 GHz, f2 ¼ 2.4
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TABLE II Measured Results
Parameter
Dual-band branch-line coupler
|S11| (dB)
|S21| (dB)
|S31| (dB)
|S41| (dB)
DA (dB)
D/ ( )
BW at DA ¼ 1 dB (MHz)
BW at D/ ¼ 90 6 5 (MHz)
Triple-band branch-line coupler
|S11| (dB)
|S21| (dB)
|S31| (dB)
|S41| (dB)
DA (dB)
D/ ( )
BW at DA ¼ 1 dB (MHz)
BW at D/ ¼ 90 6 5 (MHz)
Quad-band branch-line coupler
|S11| (dB)
|S21| (dB)
|S31| (dB)
|S41| (dB)
DA (dB)
D/ ( )
BW at DA ¼ 1 dB (MHz)
BW at D/ ¼ 90 6 5 (MHz)

1.5 GHz

2.4 GHz

3.5 GHz

4.2 GHz

–
–
–
–
–
–
–
–

28.36
3.41
3.20
21.29
0.21
90.49
80
130

19.44
3.50
3.01
21.07
0.49
89.78
220
>1000

–
–
–
–
–
–
–
–

15.54
3.85
3.27
17.12
0.58
90.64
110
100

17.29
3.46
3.39
16.53
0.07
88.45
250
160

–
–
–
–
–
–
–
–

15.66
4.08
3.39
14.79
0.69
92.89
300
190

16.30
3.71
3.44
17.70
0.27
90.10
95
110

22.10
3.50
3.48
19.70
0.02
89.50
140
210

16.50
3.40
3.70
21.30
0.3
90.10
40
410

16.20
3.53
3.45
17.80
0.08
88.60
390
>1000

GHz and f3 ¼ 4.2 GHz, resulting in fc ¼ 2.85 GHz. The
theoretical design parameters are summarized in Table I.
For the triple-band branch-line coupler it is possible to
estimate the performance limitations. In particular, selecting fm ¼ f2 and fN ¼ f3 in (17), it follows for the matching
|S11| ¼ 23.2 dB, for the balance |S21|/|S31| ¼ 0.082 dB
and for the isolation |S41| ¼ 23.3 dB. The photo of
the realized triple-band branch-line coupler is shown in
Figure 9b.
C. Quad-Band Branch-Line Coupler
For the quad-band branch-line coupler, the selected operating frequencies are f1 ¼ 1.5 GHz, f2 ¼ 2.4 GHz, f3 ¼
3.5 GHz, and f4 ¼ 4.2 GHz, resulting in fc ¼ 2.85 GHz,
as for the triple-band branch-line coupler. f1, f2, and f4
coincide with the triple-band coupler example, resulting in
the same theoretical design parameters. The additional
design parameters at f3 are summarized in Table I. Comparing the Zc,i in Table I for the triple-band and quadband couplers, the condition Zc,m ¼ Zc,2 is derived for the
quad-band branch-line coupler, resulting in the same Zc
values as for the triple-band branch-line coupler.
As the values of f1, fm ¼ f2 and fN ¼ f4 for the quadband branch-line coupler are the same of the triple-band
one, the same performance limitations are obtained from
(17). The photo of the realized quad-band branch-line
coupler is shown in Figure 9c.
Comparing the layouts of the three realized branch-line
couplers in Figure 9, it is possible to note that the

increased number of operating frequencies, from the dualband to the quad-band branch-line coupler, is achieved
simply adding a further ladder cell (series transmission
line and parallel stub) to the network based on the Impedance Buffer Methodology.
IV. EXPERIMENTAL RESULTS

Figure 10 reports the simulated and measured scattering
parameters of the designed branch-line couplers. In particular, the figure compares simulations based on ideal
elements, from hereafter denoted ideal performance, with
electromagnetic simulations of the structures.
The ideal performance of the dual-band branch-line
coupler (Fig. 10a) confirms the capability of the topology
to behave as a perfect branch-line coupler at two frequencies simultaneously. The matching, balance and isolation
performance are, in fact, fully satisfied. Passing from ideal
to real elements, the performance of the branch-line coupler are degraded, due to the nonideal behavior of actual
microstrip lines and cross/tee junctions. Obviously, such
an effect is more significant at the highest frequency.
However, the measured behaviors are well predicted by
the theory and simulations.
The ideal performance of the triple-band branch-line
coupler (Fig. 10b) verify the matching, balance and isolation limitations theoretically predicted. Also for this circuit, the greatest degradation has been registered at the
highest band, 4.2 GHz, passing to actual elements. However, the measured results show satisfactory levels of
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matching, balance and isolation at each of the operating
band.
The ideal performance of the quad-band branch-line
coupler (Fig. 10c) further verifies the theoretical analysis.
For example, the ideal |S11| level of the quad-band
branch-line coupler at 1.5 GHz, 2.4 and 4.2 GHz is the
same obtained from the triple-band branch-line coupler,
while the level at 3.5 GHz is better, as theoretically predicted by analyzing the performance limitations. Finally,
the measured performance is well in agreement with the
theoretical and simulated one.
Table II summarizes the measured performance for
each realized branch-line coupler, reporting also the amplitude (DA ¼ |S21/S31|) and phase (Df ¼ ﬀS21  ﬀS31)
balance at the center frequencies. The bandwidths (BW)
at DA ¼ 1 dB and Df ¼ 90 6 5 are also added in the table for completeness. Finally, it has to remark that the
data reported in Table II exactly refer to the selected operating frequencies, neglecting the little frequency shift the
realized prototypes have shown after due to the process
variances. In particular, a bit higher frequency shift has
been registered for the three-band branch-line coupler
prototype.
V. CONCLUSIONS

A novel design approach for multiband branch-line couplers is introduced. The main advantages of this approach
are the arbitrary choice of the operating bands, the simple
structure, and the ease of fabrication. The complete theoretical analysis of the topology is presented, leading to a
closed form equations system for its design. Three couplers based on the proposed structure are implemented for
dual-, triple-, and quad-band operation to validate the
methodology. Measurement results, in terms of matching,
isolation and amplitude and phase balance, show good
agreement with simulated ones and demonstrate the
desired behavior of the branch-line couplers.
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APPENDIX A: DERIVATION OF THE MINIMUM |S11|

The aim of this appendix is to demonstrate that the magnitude of (13b) is lower than (13a) and (13c). To fulfill
this result, one has to consider that each sine function in
(13) has to produce a positive value to obtain positive,
that is, realistic, value for the Zc,i from (4). This condition
imposes the limitation
f3 < f1 þ f2

(A1)

due to the term

sin p

f3
f1 þ f2



in (13a). Obviously, the limitation in (A1) has to be
accounted for only if the possible solution in (12a) is
adopted for the design.
To demonstrate that the magnitude of (13b) is lower
than the one of (13a), one has to verify, regardless of the
operating frequencies, the following inequality:
 


sin a  sin b sin c  sin d
>


(A2)
sin a þ sin b sin c þ sin d
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c¼p

f1
f1 þ f3

(A5)

d¼p

f2
f1 þ f3

(A6)

Accounting for (A3–A6) and (A1), it is possible to note
that
sin a > sin b
sin d > sin c

(A7)
(A8)

regardless of the operating frequencies, if the definition of
fc in (12) is accounted for. As a consequence, the magnitude in (A2) can be removed, leading to
sin a  sin b sin d  sin c
>
sin a þ sin b sin d þ sin c
that is equivalent to [33]




ab
dc
tan
tan
2
2
>



aþb
dc
tan
tan
2
2

(A9)

(A10)

Accounting for (A3–A6) and (A1), the following constraints can be obtained:
ab
p
>
2
2
p aþb
<
<p
2
2
dc p
<
0<
2
2
dþc p
<
0<
2
2

0>

(A11)
(A12)
(A13)
(A14)

The inequality in (A10) is definitely ascertained whether
both the followings condition are simultaneously verified:
 
  

 


tan a  b  > tan d  c 
 


2
2
 
  

 


tan a þ b  < tan d þ c 
 


2
2

(A15)
(A16)

that, accounting for (A11–A14), can be verified by the
following inequalities:

 

 ab   dc 
>


(A17)
 


2
2


 

 


p  a þ b  <  d þ c 
(A18)
 


2
2

where
f1
f1 þ f2
f3
b¼p
f1 þ f2
a¼p

(A3)
(A4)

By substituting (A3–A6) in (A17 and A19), the following
conditions are obtained:
f3 > f2
ðf3  f2 Þ2 > 0

(A19)
(A20)
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pﬃﬃﬃ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
sin hm
YA ¼

Z0
sin h1
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
sin hm
YB ¼ 
Z0
sin h1

As the two conditions in (A19 and A20) are always true,
the inequality in (19) is verified. The same analysis can
be adopted to compare (13b) and (13c). The result confirms that the magnitude of (13b) is lower than the one of
(13a) and (13c) regardless of the operating frequencies.
APPENDIX B: SCATTERING PARAMETERS DERIVATION

In Section II, it has been demonstrated that the ABCDmatrix of the multiband quarter-wave transmission line is
equal for f1 and f3 or fN in the general case. The multiband
branch-line coupler is a combination of multiband quarterwave transmission lines, consequently its behavior at f1 is
the same as the one at fN. Hence, the behavior at fN can
be omitted, considering only the one at f1. At f1 each
branch of the branch-line coupler behaves as a quarterwave transmission line, whose characteristic impedance is
Za;f1 ¼ Zc;a  sin h1

(A21)

(A22)

for the vertical branches in Figure 7b, where h1 ¼ p2 ff1c .
Assuming the definition of Zc,a and Zc,b in (14b) it follows
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin h1
Z0
sin h1
¼ pﬃﬃﬃ 
Za;f1 ¼ Za 
sin hm
sin hm
2
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin h1
sin h1
Zb;f1 ¼ Zb 
¼ Z0 
sin hm
sin hm

(A23)

(A24)

where hm ¼ p2 ffmc . The S-parameters of a branch-line coupler as function of the even/odd-mode S-parameters are
[34]
S11
S31

Se þ So11
¼ 11
2
Se21  So21
¼
2

S21
S41

Se þ So21
¼ 21
2
Se11  So11
¼
2

(A31)

Replacing (A30 and A31) in (A26–A29) and, subsequently, in (A25), the S-parameters of the multi-band
branch-line coupler at f1 are inferred:
sin2 h1  sin2 hm
sin h1 þ 6 sin h1 sin hm þ sin2 hm
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
sin h1 sin hm ðsin h1 þ sin hm Þ
¼ j2 2 2
sin h1 þ 6 sin h1 sin hm þ sin2 hm

S11;f1 ¼

S21;f1

2

pﬃﬃﬃ
S31;f1 ¼ 4 2

for the horizontal branches in Figure 7b and
Zb;f1 ¼ Zc;b  sin h1

(A30)

S41;f1

sin h1 sin hm
sin2 h1 þ 6 sin h1 sin hm þ sin2 hm
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin h1 sin hm ðsin h1  sin hm Þ
¼ j2 2
sin h1 þ 6 sin h1 sin hm þ sin2 hm

(A32)

(A33)

(A34)
(A35)

Following the same procedure for fm, it is possible to
derive:
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin hm
Z0
sin hm
Za;fm ¼ Za 
¼ pﬃﬃﬃ 
sin h1
sin h1
2
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin hm
sin hm
Zb;fm ¼ Zb 
¼ Z0 
sin h1
sin h1

(A36)

(A37)

therefore
pﬃﬃﬃ sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin h1
2

YA ¼
Z0
sin hm
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
sin h1
YB ¼ 
Z0
sin hm

(A25)

(A38)

(A39)

and finally
where the even/odd-mode S-parameters are given by [34]
Se11 ¼

(A26)

So11 ¼

Y02  YA2 þ YB2
2
Y0 þ YA2  YB2  j2YB Y0

(A27)

Se21 ¼ j2
So21 ¼ j2

YA Y0
Y02 þ YA2  YB2 þ j2YB Y0

(A28)

YA Y0
 YB2  j2YB Y0

(A29)

Y02

þ

YA2

sin2 hm  sin2 h1
sin h1 þ 6 sin h1 sin hm þ sin2 hm
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
sin h1 sin hm ðsin h1 þ sin hm Þ
S21;fm ¼ j2 2 2
sin h1 þ 6 sin h1 sin hm þ sin2 hm
pﬃﬃﬃ
sin h1 sin hm
S31;fm ¼ 4 2 2
sin h1 þ 6 sin h1 sin hm þ sin2 hm
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sin h1 sin hm ðsin hm  sin h1 Þ
S41;fm ¼ j2 2
sin h1 þ 6 sin h1 sin hm þ sin2 hm
S11;fm ¼

Y02  YA2 þ YB2
2
Y0 þ YA2  YB2 þ j2YB Y0

where Y0 ¼ 1/Z0 is the port admittance, YA and YB are the
characteristic admittance of the series quarter-wave transmission line and the admittance of the k/8 open stub due
to the even/odd-mode analysis, respectively. Applying
(A23 and A24) at f1 yields

2

(A40)
(A41)
(A42)
(A43)

Comparing (A32–A35) and (A40–A43), one can easily
show that these expressions lead to identical matching,
balance and isolation properties at f1 and fm. Moreover,
(A33–A34) and (A41–A42) demonstrate that the adopted
topology satisfies the quadrature condition for both f1 and
fm, that is, 90 of phase shift between S21 and S31.
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